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A Little About Me ...

School

» 4 year undergrad at IIT

» Applied math and data science program
Research Interests

» Algorithm design and implementation

» MC / QMC

» ML models, neural networks applications
Free Time

» Programming

» Sports

» Exploring Chicago




QMC Math Applications
Functions/simulations with possible outcomes Y1, Y2, ..., Yj
» Financial market outcomes
» Power grid demand
Model that generates Y = f(X) for X ~1(0,1), so Y; = f(X;)
> Numerical integration, E(Y) = [ ;; f(x) dx ~ iVi+..+Y)
» Drawing samples from a probability distribution, Y3, Ya,...

QMC Applications
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Extreme Weather Simulation

QMC Applications

Image from [2]. See also this article from The Wall Street Journal Article.



https://www.wsj.com/articles/as-forecasts-go-you-can-bet-on-monte-carlo-1470994203

Search and Rescue Optimal Planning System (SAROPS)

QMC Applications

Image from [3]. See also the SAROPS Wiki page.



https://en.wikipedia.org/wiki/Search_and_Rescue_Optimal_Planning_System

Computer Graphics
QMC Applications
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Image from [4]: uses neural network control variates for MC ray-tracing.



QMCPy

Why?
» Lack of MC / QMC software in Python
» Incompatible MC / QMC software

» Allow researchers / practitioners to
utilize the work of others

QMC Applications

» Guaranteed Automatic Integration Library

'NumPy
(GAIL) [5]): MATLAB — Python

Goals .
Extensible S C’Py
Well tested

>
> Well documented
>
>

v

Community developed

Minimal dependencies




The (Quasi-)Monte Carlo Problem

QMC Applications

g : T — R = original integrand
A = true measure with weight function p
T : X — T = change of variables
f : X — R = integrand after change of variables
v = easy-to-sample measure with PDF
~ Dp=1/n>"" 1 dx,(-) = discrete distribution

How to choose nodes {x;}?_; so that | — fi,| < € = error tolerance?
Independent and identically distributed (1ID) or low-discrepancy (LD)?




MC vs QMC

MC

» Nodes: independent, IID

» Cost: O(c72?)
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> Nodes: dependent, LD

> Cost: O(s~179)

Shifted Lattice

QMC Applications




MC vs QMC

QMC is (often) MUCH faster than MC!

QMC Applications

Statistics from 50 runs
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N - number of points

See the qEl with QMCPy blog for more info



https://qmcpy.wpcomstaging.com/qei-with-qmcpy/

Setting up QMCPy [1]
pip install gmcpy

> Install from PyPI: QcRy fnte
pypi.org/project/qmcpy/ .

» Clone from GitHub: . * ,'.. :
github.com/QMCSoftware/QMCSoftware ¢ . '...'.o ..‘ o ©

» Documentation: gmcpy.readthedocs.io ’ °....',}.} ::},.:l..°

> Blogs: gqmcpy.wordpress.com ‘. ..‘.:'?,::;o.: ,'°. ‘

» Google Colab Quickstart: . .. % 'b:.'..: ..' o
tinyurl.com/QMCPyQuickstart ’: e % * .,

> Google Colab MCQMC 2020 Tutorial: « °* °

tinyurl.com/QMCPyTutorial

>>> from qmcpy import *



https://pypi.org/project/qmcpy/
https://github.com/QMCSoftware/QMCSoftware
https://qmcpy.readthedocs.io
https://qmcpy.wordpress.com
https://tinyurl.com/QMCPyQuickstart
https://tinyurl.com/QMCPyTutorial

Abstract Classes and Some Implementations

Discrete Distribution
» (IID): IID Standard uniform/Gaussian
» (LD): Lattice, Sobol’, Halton
True Measure
» Uniform
» Gaussian
Integrand
> Keister [0]
» European/Asian options
Stopping Criterion
» MC by Berry-Esseen inequalities (guaranteed)

» QMC for lattice/Sobol’ sequences
by Fourier/Walsh transform (guaranteed)

» MC/QMC multilevel algorithms

Discrete Distribution (Abstract Class)

Abstract Parameters

- dimension (int)

- low_discrepancy (bool)
- mimics (str)

- seed (int)

Abstract Methods

+ gen_samples(n, n_min, n_max)
+ set_seed(seed)

+ set_dimension(dimension)

+ plot(**args, **kwargs)

T

Implements

Sobol' Sequence (Concrete Class)

Parameters

- dimension (int)

- low_discrepancy (bool)
- mimics (str)

- seed (int)

- graycode (bool)

- randomize (bool)

Methods

+ gen_samples(n, n_min, n_max)
+ set_seed(seed)

+ set_dimension(dimension)

+ plot(**args, **kwargs)

QMCPy Intro




Keister [6] Example

#:/RdCOS(Ht”)eXP(_”t”z)dt:/Rdwd/Qcos(HtH) 792 exp(— | t]|?) dt QMCPy 1o
g(t) N(0,1/2)
_ d/2 —1(.
= 792 cos(||® (%) /2 1 dx
e T ) V21

£(x) u(0,1)




g(t) =7 cos(|t]) A~ N(0,1/2)

>>> from numpy import *

>>> d = 2 # dimension

>>> # discrete distribution
>>> dd = Lattice(d)

>>> # true measure

QMCPy Intro

>>> tm = Gaussian(dd, covariance=1/2)

>>> # integrand

>>> i = CustomFun(tm,

>>> lambda x: pi**(d/2)*cos(linalg.norm(x,axis=1)))

>>> # stopping criterion

>>> sc = CubQMCLatticeG(i, abs_tol=1e-3)
>>> # QMC integration

>>> solution,data = sc.integrate()

>>> # see results from integration process
>>> data # print(data)




Solution: 1.8081
Lattice (DiscreteDistribution Object)

dimension 2

scramble 1

seed None

backend gail

mimics StdUniform
Gaussian (TrueMeasure Object)

mean 0

covariance 0.5000
CubQMCLatticeG (StoppingCriterion Object)

abs_tol 0.0010

rel_tol 0

n_init 1024

n_max 34359738368
LDTransformData (AccumulateData Object)

n_total 8192

time_integrate 0.0204

QMCPy Intro




Discrete Distribution

Independent Identically Distributed (1ID) — MC
» |ID standard uniform: NumPy [7] backend

Low Discrepancy (LD) — QMC
» Sobol": QRNG [8] or PyTorch [9] backends
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[ID Discrete Distributions

>>>
>>>
>>>
>>>
>>>
>>>

>>>

from numpy.random
d = 2 # dimension
n = 2%*x7 # 277
IIDStdUniform(d).gen_samples (n)
IIDStdGaussian(d).gen_samples (n)
ed = CustomIIDDistribution(
lambda n: exponential(scale=2/3

ed.gen_samples (n)

import

exponential

, size=(n,d)))

1 11D Standard Uniform 3 1ID Standard Gaussian 3 IID Exp(A = 3/2)
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LD Discrete Distributions

>>> d
>>> n
>>>

>>>
>>>
>>>

2xx7 # 277

2 # dimension

Shifted Sobol'

Lattice (d).gen_samples(n)
Sobol(d).gen_samples (n)

Halton(d).gen_samples (n)
Korobov (d).gen_samples (n)

Generalized Halton
0

1 -
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Generation Time (Seconds)

10—2_

10—3_

10—4_

Speed Comparison of Sobol Generators

QMCPy_QRNG
QMCPy_PyTorch
MATLAB
R_QRNG

10! 102

103 10* 10°
Sampling Points

106
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Uniform True Measure

>>> u

A ~U(a,b)

= Uniform(
Sobol (2),
lower_bound
upper_bound

v ~U(0,1)

[-Q:O] ’
[2,41)

>>> u.gen_samples (2%*7)

T(x) =

4

(b—a)xx+a

~ °
S e

True Measure




Gaussian True Measure

A~ N(p,Z=AAT)  v~U0,1) Tx)=ATo Y x)+p

3 195
6 N (’72“ ’ ’75 4“) True Measure

LN )
>>> g = Gaussian( 200
oo
Sobol (2), oo %
° “’o%ﬂo
mean = [3.,2.], '-'.'o:'.;'
. ~ %’ e® e
covariance = 5 -.-'V:f'
[[9.,5.1, L
° e,
[5.,4.11) * e ’e’
>>> g.gen_samples (2%*7) Lo e
...
2% 12




Geometric Brownian Motion True Measure, B

.\ d
. (3) T = (min(, m))ies  A(0.E)

True Measure

24 Brownian Motion Samples

>>> bm = BrownianMotion (

. Sobol (32))
>>> bm.gen_samples (2**4)

Brownian Motion

Time




European Option Integrand

>>>

>>>

Brownian Motion

Option price: S(7j,x) = Soexp((r — 0?/2)7; + oB(7}, x))
Payoff: P(x) = max(S(74,x) — K), 0) exp(—rT)

opt = EuropeanOption(BrownianMotion(Sobol(32)),
start_price=30, strike_price=40)
opt.f(opt.distribution.gen_samples (2*%*4))

2% Brownian Motion Samples

Time

N
o

Option Price

2% Asset Price Paths

Strike Price

Time

Integrand




Option Pricing with Importance Sampling

>>> opt = EuropeanOption(
BrownianMotion (Sobol (32),
start_price=30, strike_price=40)

>>> opt.f(opt.distribution.gen_samples (2**4))

Brownian Motion

B

w

N

)

24 Brownian Motion Samples

Option Price

250

200

=
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=
o
o

drift=2),

2% Asset Price Paths

---- Strike Price

Integrand




Stopping Criterion Comparison for Importance Sampling

European option with dimension d = 32 and absolute tolerance €,,s = .025

Total Samples

10°
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104

10°

—— CubMCCLT 1IDStdUniform (MC)
CubMCG IIDStdGaussian (MC)
CubQMCCLT Sobol (QMC)
CubQMCLatticeG Lattice (QMC)
CubQMCSobolG Sobol (QMC)
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Stopping Criterion




Single Level MC CLT

Initial Sample
Xieﬁa yl_f(xl)’ I:]-a , Mo
1 & 1 &
Aot . A _ |1 A2
Hng no ot Yi, Ong no E(yl ,Uf0)
CLT ~ Stopping Criterion
HUn — H
—— N(0,1
O'/ﬁ n—o0 ( )
Final Sample
oz* . oz*
S /’L S /’Lnl + \/71 ~ 1 —«




MC vs QMC

Keister integrand with dimension d =3

Total Samples
= =
o o
> &

i
o
W

Runtime
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o
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=
1)
o

—— CubMCCLT IIDStdUniform (MC)
CubMCG IIDStdGaussian (MC)

—— CubQMCCLT Sobol (QMC)

—— CubQMCLatticeG Lattice (QMC)

—— CubQMCSobolG Sobol (QMC)

F
3
5

1072 107!
Absolute Tolerance

Stopping Criterion




Contributions

» Guaranteed Automatic Integration Library (GAIL) [5]

» Marius Hofert and Christiane Lemieux's QRNG [3]

» Mike Giles MLMC [10] and MLQMC [11] software

» Art Owen's Halton sequences [12]

» Pierre L'Ecuyer’s Lattice Builder [13]

» Dirk Nuyens’'s Magic Point Shop (MPS) [14] Contributing
You can help by

» Using QMCPy

» Suggesting features and finding bugs
github.com/QMCSoftware/QMCSoftware/issues

» Add features or use-cases
github.com/QMCSoftware/QMCSoftware/pulls



https://github.com/QMCSoftware/QMCSoftware/issues
https://github.com/QMCSoftware/QMCSoftware/pulls

QMCPy Links
pip install gmcpy

» Install from PyPI:

pypi.org/project/qmcpy/ .

» Clone from GitHub: . * ,'. .
github.com/QMCSoftware/QMCSoftware °.°...'.o ..‘ o ©

» Documentation: gmcpy.readthedocs.io ’ 0....'.}.}..:}'-:"'.

> Blogs: gqmcpy.wordpress.com ‘. ..‘.:'?,::;o... .’0. ‘ QMCPy Links

» Google Colab Quickstart: . .. % 5:.‘.':..' J
tinyurl.com/QMCPyQuickstart ': e % S .,

> Google Colab MCQMC 2020 Tutorial: « °* °

tinyurl.com/QMCPyTutorial

>>> from qmcpy import *



https://pypi.org/project/qmcpy/
https://github.com/QMCSoftware/QMCSoftware
https://qmcpy.readthedocs.io
https://qmcpy.wordpress.com
https://tinyurl.com/QMCPyQuickstart
https://tinyurl.com/QMCPyTutorial
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