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Rewrite an Integral as an Expectation

Applications in applied statistics, finance, computer graphics, ...
p= [ gwrtat= [ g(#@)A¥@)¥ (@)|de= [ f(z)de=E[/(X)
T [0,1]¢ [0,1]d
X ~U[0,1]%

Original Integrand ¢: 7 — R
True Measure \: 7 — R e.g. probability density or 1 for Lebesgue measure
Transformation W : [0,1]¢ — 7 with Jacobian |®'(z)|
Transformed Integrand f:[0,1]7 = R

QMCPy automatically approximates integrals
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Approximate the Integral by Sampling Well
sample meanzﬂnzlif(azi)w/ f(x)dx = p = mean
ni [0,1]

Simple Monte Carlo: @1, 2o, ... o u[o, 1)

Quasi-Monte Carlo: x1, 2, ... I?BU[O, 1]? (Low-Discrepancy)
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Sample Generators

Linearly Scrambled Sobol"
- . v

1 HD'Staﬂdard Uniform .
..... °:....:’ . ... . - : :' : :-.o ..o
Sobol’ Example ~ " . : e .'..: Lol
>>> import qmcpy as qp < ‘. , , .:": of XS o .. a s
>>> sobol = gp.Sobol(2) '.'.3-' o S . ..° f ., . _'..”.:
>>> sobol.gen_samples (2%*3) R .°_°."'.'.-',»° -
array ([[0.387, 0.146], e v - NI
[0.552, 0.506], o ' Xo
[0 . 169, 0 .901] , 1rs S.h\fted LaEtice . 1 Rand:ir:ize.d Halton'
[0.771, 0.258], srlelaelen e ., wt
[0.303, 0.724], N I
[0.639, 0.116], Clerlerleriel R et
[0.023, 0.48 1, A N I I
[0.922, 0.86711) R N
IR R ] R PR
Xio
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True Measure Transforms:

Gaussian Example

U(X)=a+Ad~

>>> gauss =
mean =

Components

H(X)

covariance

0@0000

~N(a,x = AAT)

gp-Gaussian (sobol,

[0,0],
= [[7,5],
[5,711)

>>> gauss.gen_samples (2%%*2)

array ([[ 0.352, -1.
[ 0.302, ©
[-3.633, -1
[ 2.462,

1.

7547,
.3331,
.05417,
16611)

QMCPy Resources
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Apply change of variables
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Integrand Examples: Define the original integrand
>>> from numpy import sqrt,pi,cos
>>> def my_keister (t):

Keister Example [1] ce d = t.shape[1]
. norm = sqrt ((t**2) .sum (1))

R k = pix*x(d/2)*cos(norm
p= [ cos(texp(—lefyae T BReRCa/@mcontuonm)
>>> sob5 = qp.Sobol(5)
_l/ COSHtH (tlo,1/2)dt .. gauss_sob = gp.Gaussian(sob5,
A(t) S mean = 0, covariance = 1/2)
>>> keister = qp.CustomFun (
_l/ COS|HP( )||) de S true_measure = gauss_sob,
S g = my_keister)
_ 9(T(z)) da >>> x = sobb.gen_samples (2*%*20)
[0,1]d "= —~ >>> y = keister.f (x)
f(x) >>> mu_hat = y.mean()

>>> mu_hat
1.1353362571289711
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Stopping Criterion: Determine n so | — fin| < €

S | ired f >>> data
amples n required for LDTransformData
_ solution 1.135
MonuaCaHo:CXE 2) error_bound 9.69e-05
Quasi-Monte Carlo: O(e™ 1) n_total 27 (20)
time_integrate 0.611
QMC is significantly more efficient! CubQMCSobolG
abs_tol 1.00e-04
Sobol’ Cubature Example [2] r_el—tc’l 0
Gaussian
>>> sc = gp.CubQMCSobolG( mean 0
integrand = keister, covariance 2°(-1)
. abs_tol = 1le-4) Sobol
>>> sol,data = sc.integrate () d

randomize 1
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QMC Beats MC

Standard Keister Integrand in 5 Dimensions

10% 4 10® 4
— O
10° 4 — 0 1074
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Tolerance, ¢ Tolerance, ¢
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Future Work

Develop support for
® vectorized stopping criteria f = (f1,..., f;)
® combined error bounds
® p=p/p2= [jg o fr(@)da/ i 10 f2(x)d
® Sobol'/sensitivity indices
® higher order digital nets and stopping criteria
® other package components

® PyTorch's generators
® SciPy's measures
® TF Quant Finance's integrands

References
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QMCPy Resources

PyPI: pypi.org/project/qmcpy/
GitHub: github.com/QMCSoftware/QMCSoftware

® Documentation: gmcpy.readthedocs.io

® Blogs: gmcpy.org
MCQMC2020 Tutorial

® Slides: gmcpy.org/mcqmc-2020-tutorial/ .

® Notebook: tinyurl.com/QMCPyTutorial
® "Quasi-Monte Carlo Software" Article [3]

References
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