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Motivating Examples

Problem: Given prior P (θ) and likelihood P (Y | θ), find posterior mean

E [θ | Y ] Bayes’=
∫

θP (Y | θ)P (θ)dθ∫
P (Y | θ)P (θ)dθ

= µ1
µ2

= C(µ1,µ2)

When posterior mean is unknown, approximate ratio/function of integrals
Other Problems written as functions of multiple integrals
• Vectorized expectation E[Y ] =

(
E[Y1],E[Y2] . . . ,E[Yk]

)T

• Cov(U,V ) = E[UV ]−E[U ]E[V ]
• Sensitivity indices for global sensitivity analysis

Question: How to extend single integral approximation to function(s) of integral(s)?
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Framework

Problem: Approximate C(E[f(X)]) within error tolerance ε from error metric map
h(·,ε), where X ∼ U [0,1]d, f a vector function, C a scalar function [1]
• Transformations can take a variety of integrals into this form [2]
• Example metrics maps

• h(s,ε) = εabs, absolute error
• h(s,ε) = max(εabs, |s|εrel), absolute or relative
• h(s,ε) = min(εabs, |s|εrel), absolute and relative

Individual solutions

µ = (µ1, . . . ,µρ)T = (E[f1(X)], . . .E[fρ(X)])T

Combined solution
s = C(µ) = C(µ1, . . . ,µρ)
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Proposed Method
Ideas
• Quasi-Monte Carlo (QMC) methods can efficiently compute guaranteed bounds

on µ s.t. µ ∈ [µ−,µ+] under assumptions on f [3, 4]
• Often straightforward to find bound propogation functions C−,C+ s.t.

s ∈ [s−,s+] = [C−(µ−,µ+),C+(µ−,µ+)]

• QMC methods iteratively double sample size
Method

1. Sample f at n QMC samples X1, . . . ,Xn ∈ [0,1]d

2. Compute individual bounds µ−,µ+

3. Compute combined bounds s−,s+

4. If s+−s− ≥ h(s−,ε)+h(s+,ε), set n← 2n and go to step 1
5. Compute optimal approximation ŝ = 1

2
[
s− +s+ +h(s−,ε)−h(s+,ε)

]
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Quasi-Monte Carlo (QMC) Methods

µ̂ = 1
n

n∑
i=1

f(xi)≈
∫

[0,1]d
f(x)dx = µ

(xi)i≥1 ⊆ [0,1]d sampling nodes chosen to be
• IID → Crude Monte Carlo → O(n−1/2) convergence of µ̂ to µ
• Low Discrepancy (LD) → QMC → O(n−1+δ) convergence, ∀δ > 0

• Prefer extensible, randomized LD sequences with n = 2m
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Covariance Example

Combined Solution: s = Cov(U,V ) = E[UV ]−E[U ]E[V ] ∈ R

Individual Solutions: µ =

µ1
µ2
µ3

 =

 E[U ]
E[V ]
E[UV ]

 ∈ R3

C(µ) = µ3−µ1µ2

C−(µ−,µ+) = µ−
3 −max

(
µ+

1 µ+
2 , µ+

1 µ−
2 , µ−

1 µ+
2 , µ−

1 µ−
2

)
C+(µ−,µ+) = µ+

3 −min
(
µ+

1 µ+
2 , µ+

1 µ−
2 , µ−

1 µ+
2 , µ−

1 µ−
2

)
QMCPy [5] implementation requires specifying C−,C+
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Vectorized Functions and Dependency

Up to now: f : [0,1]d→ Rρ; µ ∈ Rρ; C−,C+ : Rρ×Rρ→ R; s ∈ R
Generalized: f : [0,1]d→ Rρ; µ ∈ Rρ; C−,C+ : Rρ×Rρ→ Rη; s ∈ Rη

ρ,η shape vectors, e.g. s ∈ R2×3×4 =⇒ η = (2,3,4)T

Dependency function D : {True,False}η→{True,False}ρ answers question:

If si insufficiently approximated, which µj require further sampling?≡
If si sufficiently approximated, which µj can we ignore computing f for?

Multi-indices 0≤ i≤ η, 0≤ j ≤ ρ

D enables economical function evaluation



Background QMC Vectorization Examples Future Work References

Vectorized Acquisition Functions for Bayesian Optimization (BO)
BO sequentially optimizes a black-box function via surrogate Gaussian process g [6]
Batch sequential optimization: choose next q points to query the function s.t.

zn+1, . . . ,zn+q = argmax
Z∈[0,1]q×d

α(Z)

q-EI acquisition function with Gaussian posterior Y ∼ P (g(Z) |D) and current best y∗

α(Z) = E[a(Y )|Y ∼ P (g(Z)|D)], a(y) = max
1≤i≤q

[max(yi−y∗,0)]

Vectorize computation at candidate batches Z1, . . . ,Zk ∈ [0,1]q×d

α(Z1)
...

α(Zk)

 = E


a

(
Φ−1

1 (X)
)

...
a

(
Φ−1

k (X)
)

 , X ∼ U [0,1]q
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BO via q-EI, q = 2
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Sensitivity Indices [7, 8]: quantify variance attributable to u⊆ {1, . . . ,d}
Funcational ANOVA decomposes f ∈ L2(0,1)d into orthogonal {fu}u⊆{1,...,d} s.t.

f(x) =
∑

u⊆{1,...,d}
fu(xu) and σ2 =

∑
u⊆{1,...,d}

σ2
u

Closed and total Sobol’ indices

τ2
u =

∑
v⊂u

σ2
v and τ2

u =
∑

v∩u̸=∅
σ2

v

Closed and total sensitivity indices (normalized Sobol’ indices)

su = τ2
u/σ2 and su = τ2

u/σ2

su and su can be written in terms of 6 total expectations
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Sensitivity Indices: Ishigami Function [9]

g(T ) =
(
1+ bT 4

3

)
sin(T1)+asin2(T2), T ∼ U(−π,π)3

f(X) = g (π (2X−1)) , X ∼ U(0,1)3
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Sensitivity Indices: Ishigami Function

su +suc = 1, u ∈ {1, . . . ,d}

0.0 0.2 0.4 0.6 0.8 1.0

s{2,3} = 0.44

s{1,3} = 0.56

s{1,2} = 0.76

s{2} = 0.44

s{1} = 0.32

s{1} = 0.56

s{2} = 0.44

s{3} = 0.24

s{1,2} = 0.99

s{1,3} = 0.56

s{2,3} = 0.68
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Sensitivity Indices: Neural Network Iris Classifier [10]

Trained network achieves 98% accuracy on validation set

Singleton Closed Indices

sepal length sepal width petal length petal width sum

setosa 0.2% 5.9% 71.4% 4.6% 82.0%
versicolor 7.1% 2.2% 32.8% 2.1% 44.3%
virginica 8.2% 1.0% 50.0% 12.0% 71.2%

Petal length accounts for most variation among singletons
Non-singleton interactions, |u|> 1, are most important for differentiating versicolor

individual solutions: µ ∈ R6×4×3 combined solutions: s ∈ R2×4×3
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Neural Network Sensitivity Indices Code
data = load_iris ()
target_names = data[" target_names "]
xt,xv,yt,yv = train_test_split (data["data"],data[" target "])
mplc = MLPClassifier ( max_iter =1024) .fit(xt,yt)
yhat = mplc.predict (xv)
print(" accuracy : %.1f %%" %(100*( yv== yhat).mean ()))

sampler = DigitalNetB2 ( dimension =4)
true_measure = Uniform ( sampler,xt.min (0) ,xt.max (0))
fun = CustomFun ( true_measure,

g = lambda x,compute_flags : mplc.predict_proba (x),
dprime = (3,))

si_fun = SensitivityIndices ( fun,indices ="all")
qmc_algo = CubQMCNetG ( si_fun,abs_tol =.005)
nn_sis,nn_sis_data = qmc_algo.integrate ()
print( nn_sis_data )
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Future Work

• Extend to QMC probabilistic error bounds on individual solutions [7, 11, 12]
• Support for adaptive IID Monte Carlo algorithms [13]
• Support for adaptive multilevel Monte Carlo algorithms [14, 15]
• Support combining individual bounds from QMC, IID Monte Carlo, and/or

multilevel Monte Carlo stopping criterion
• Make multi-dimensional function and true measure construction more flexible in

QMCPy

Thank you!
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