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SE grid
L2 relative error = 3.71e-2

time = 2.24e0
average CI width = 2.45e-3

CI captured 0.1%

SI lattice
L2 relative error = 2.85e-2

time = 1.92e-3
average CI width = 3.71e0

CI captured 92.5%

DSI digital net
L2 relative error = 2.62e-2

time = 4.54e-3
average CI width = 2.74e0

CI captured 98.8%
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Quasi-Monte Carlo (QMC) Background
Efficient algorithms for high dimensional numerical integration

‚ QMC methods replace IID points with low-discrepancy (LD) points
‚ LD sequences evenly cover the unit cube in high dimensions
‚ QMC has faster convergence than IID Monte Carlo for nicely behaved functions

[Dick and Pillichshammer, 2010, Dick et al., 2013, Niederreiter, 1992]
‚ Randomizing LD sequences improves convergence and enables error estimation

[Dick, 2011, L’Ecuyer, 2016, L’Ecuyer et al., 2023, Owen, 1995, 2003]
Applications

‚ Financial modeling, especially for option pricing
[Giles and Waterhouse, 2009, Lai and Spanier, 1998, L’Ecuyer, 2009]

‚ Solving PDEs, often with random coefficients
[Graham et al., 2011, 2015, Kuo and Nuyens, 2016, Kuo et al., 2012, 2015]

‚ Ray tracing, for simulating light transport in graphics rendering
[Jensen et al., 2003, Raab et al., 2006, Waechter and Keller, 2011]
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QMC Math
Efficient algorithms for high dimensional numerical integration

µ “

ż

T
gptqλpdtq “

ż

r0,1sd

fpxqdx «
1
n

n´1
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i“0
fpxiq, x0, . . . ,xn´1 P r0,1sd

Classic Monte Carlo has error like Op1{
?

nq using IID points pxiq
n´1
i“0
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QMCPy Software
pip install qmcpy or visit qmcsoftware.github.io/QMCSoftware/

A Python software unifying QMC tools from across the literature
[Choi et al., 2022a,b, Hickernell et al., 2025, Sorokin and Rathinavel, 2022]

‚ Randomized low-discrepancy sequences
‚ Lattices: random shifts
‚ Digital nets: random digital shifts, LMS, Owen scrambling (NUS), higher-order nets
‚ Halton points: digital shifts, permutation scrambles, NUS

‚ Automatic transforms: rewrite problem into f : r0,1sd Ñ R
‚ Diverse use cases: financial options, parameterized PDEs, sensitivity indices, ...
‚ Adaptive stopping criteria: choosing n to meet user-specified error tolerance ε

‚ IID Monte Carlo with guaranteed confidence intervals [Hickernell et al., 2013]
‚ QMC with replications, see [L’Ecuyer et al., 2023] or [Owen, 2018, Chapter 17]
‚ QMC via decay tracking of Fourier or Walsh coefficients [Hickernell et al., 2017]
‚ QMC via Bayesian cubature using fast Gaussian processes [Rathinavel, 2019]
‚ Multilevel IID Monte Carlo [Giles, 2008, Robbe et al., 2016, 2019]
‚ Multilevel QMC [Giles and Waterhouse, 2009, Robbe et al., 2017]

‚ Special kernels and fast transforms: used for fast Gaussian process regression

https://qmcsoftware.github.io/QMCSoftware/
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IID and Low-Discrepancy Points
Including higher-order digital nets and higher-order scramblings
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Speed of Generating IID and Low-Discrepancy Points
Randomized LD points are as fast to generate as IID points

R randomizations of n points in d dimensions
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Root Mean Squared Error (RMSE) of Randomized QMC
Higher-order digital nets achieve higher-order convergence for low dimensional functions
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Adaptive QMC for High Dimensional Asian Option Pricing
Automatically choose sample size n to meet user specified error tolerances
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Gaussian Process (GP) Regression Background
Flexible interpolation models with built in UQ [Williams and Rasmussen, 2006]

‚ UQ from (computable) posterior distribution conditioned on observations
‚ Equivalent to kernel interpolation in a RKHS (reproducing kernel Hilbert space)

Applications
‚ Bayesian optimization, for finding global minima of expensive simulations

[Frazier, 2018, Snoek et al., 2012, Wu et al., 2020]
‚ Solving PDEs, with deterministic (1) or random (2) coefficients

(1) [Batlle et al., 2025, Chen et al., 2021, 2024, Cockayne et al., 2017]
(2) [Batlle et al., 2024, Kaarnioja et al., 2022, 2023, Sorokin et al., 2024]

‚ Bayesian cubature, possible since the integral of a GP is still Gaussian
[Briol et al., 2019, O’Hagan, 1991, Rasmussen and Ghahramani, 2003]

‚ Reliability analysis, to efficiently predict the probability of system failure
[Bae et al., 2020, Dubourg et al., 2013, Rackwitz, 2001, Renganathan et al.,
2022, Sorokin and Rao, 2023, Zanette et al., 2018]
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GPs Math
Flexible interpolation models with built in UQ [Williams and Rasmussen, 2006]

f „ GPp0,Kq with posterior mean and covariance

Erfpxq|X,f s “ KXpxqK´1f

Vrfpxq|X,f s “ Kpx,xq ´ KXpxqT K´1KXpxq

‚ SPD K : r0,1sd ˆ r0,1sd Ñ R
‚ Sampling locations X “ txiu

N´1
i“0

‚ Sample values f “ tfpxiqu
N´1
i“0

‚ Kernel vector KXpxq “ tKpx,xiqu
N´1
i“0

‚ Gram matrix K “ tKpxi,xi1qu
N´1
i,i1“0
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Typically requires OpN2q storage and OpN3q computations
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Fast GPs Background
Reduce high GP costs by forcing structure into the Gram matrix [Zeng et al., 2006, 2009]

‚ OpN logNq computations (compared to typically OpN3q cost), and
‚ OpNq memory (compare to classic OpN2q memory requirements).

Fast GPs exploit Gram matrix structure present when pairing
‚ Special low-discrepancy (LD) sequences, either lattices or digital nets, to
‚ (Digitally)-shift-invariant (SI or DSI) kernels, of varying smoothness

Requirements
‚ Controlling design of experiments, in order to use LD points
‚ Using uncommon kernels, either the SI or DSI kernels

Applications
‚ Solving PDEs, often with random coefficients

[Kaarnioja et al., 2022, 2023, Sorokin et al., 2024]
‚ Fast Bayesian cubature [Rathinavel and Hickernell, 2019, 2022]
‚ Discrepancy computation [Hickernell, 1998a,b]
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Fast GPs Pairing LD Points with Special Kernels

1. LD Lattices + Shift Invariant (SI) Kernels
‚ Give circulant Gram matrices K “ tKpxi,xi1qu

N´1
i,i1“0

6 Eigendecomp K “ VΛV where V is the DFT matrix Ñ FFT in OpN logNq

2. LD Digital Nets + Digitally Shift Invariant (DSI) Kernels
‚ Give Recursive Symmetric Block Toeplitz (RSBT) Gram matrices K

6 Eigendecomp K “ VΛV where V is the Hadamard matrix Ñ FWHT in OpN logNq

Let v1 “ 1{
?

N and k1 be the first columns of V and K respectively:

λ :“ Λ1 “
?

NΛv1 “
?

NVVΛv1 “
?

NVk1
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Lattices + SI K = Circulant K and Digital Nets + DSI K = RSBT K
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FastGPs Software
pip install fastgps or visit alegresor.github.io/fastgps/

A scalable Python software for fast Gaussian process (GP) regression requiring only
1. Kernel hyperparameter optimization of marginal log likelihood (MLL), cross

validation (CV), or generalized cross validation (GCV) loss.
2. Fast Bayesian cubature for uncertainty quantification in Quasi-Monte Carlo.
3. Fast multi-task GPs with support for different sample sizes for each task.

Potentially useful for multi-fidelity simulations and Multilevel Monte Carlo.
4. Batched GPs for simultaneously modeling vector-output simulations.
5. GPU support enabled by the PyTorch stack .
6. Flexible LD sequences and SI/DSI kernels from the Quasi-Monte Carlo

Python package QMCPy qmcsoftware.github.io/QMCSoftware/.
7. Derivative-informed GPs for simulations coupled with automatic differentiation.
8. Efficient variance projections for non-greedy Bayesian optimization in MLMC.

https://alegresor.github.io/fastgps/
https://qmcsoftware.github.io/QMCSoftware/
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Examples in One Dimension [Surjanovic and Bingham], N “ 8
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Examples in One Dimension [Surjanovic and Bingham], N “ 8
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Ackley Function in Two Dimensions [Surjanovic and Bingham], N “ 4096
SE grid
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average CI width = 2.45e-3
CI captured 0.1%
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CI captured 92.5%
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Multilevel (Multi-Task) Modeling
Given a multilevel simulation

f : t1, . . . ,Lu ˆ r0,1sd Ñ R,

we want to model fpL, ¨q, the true (maximum-fidelity) simulation.
‚ fpℓ,xq simulates at level ℓ P t1, . . . ,Lu and with parameters x P r0,1sd

‚ Cost Cℓ typically greater on higher levels
‚ fp1, ¨q,fp2, ¨q, . . . ,fpL, ¨q are typically highly correlated

0 1 2
level 
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Numerical Solutions of PDEs with Random Coefficients

fpℓ,xq “ Fpvpℓ,x, ¨qq

‚ v : t1, . . . ,Lu ˆ r0,1sd ˆ Ω is the numerical solution to the PDE
‚ x represent random coefficients, e.g. coefficients in a Karhunen–Loève expansion
‚ ℓ controls the fidelity of the numerical solver e.g. the mesh width is 2´ℓ

‚ F is a (possibly non-linear) functional of the PDE solution, e.g.,
‚ Fpvpℓ,x, ¨qq “ Ervpℓ,x,Uqs where U „ UpΩq, or
‚ Fpvpℓ,x, ¨qq “ vpℓ,x,uq for some u P Ω, e.g., u “ 1{2 shown below
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Multilevel (Quasi-)Monte Carlo without Replications

ErfpL,Xqs “

L
ÿ

ℓ“1
Erfpℓ,Xq ´ fpℓ ´ 1,Xq
loooooooooooomoooooooooooon

∆ℓpXq

s, X „ Ur0,1sd, fp0, ¨q “ 0

MLMC Er∆ℓpXqs « 1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
iq for IID xℓ

0, . . . ,xℓ
Nℓ´1 „ Ur0,1sd

‚ Nℓ 9
a

Vr∆ℓpXqs{Cℓ chosen to optimally minimize error [Giles, 2008]
R-MLQMC Er∆ℓpXqs « 1

R

řR
r“1

1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
riq [Giles and Waterhouse, 2009]

‚ IID randomizations of low-discrepancy point txℓ
1iu

Nℓ´1
i“0 , . . . ,txℓ

Riu
Nℓ´1
i“0 .

‚ Nℓ greedily doubled on level where Vr∆ℓpXqs{pNℓCℓq the largest
‚ Variance approximated by sample variance across R sub-means

(IGP) Bayesian MLQMC without replications Er∆ℓpXqs « 1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
iq

‚ txℓ
iu

Nℓ´1
i“0 a single randomized low-discrepancy pointset

‚ Nℓ greedily doubled on level where Vr∆ℓpXqs{pNℓCℓq the largest
‚ Variance taken to be posterior variance with ∆ℓ „ GPp0,Kℓq (independent GPs)
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(IGP) Bayesian MLQMC without replications Er∆ℓpXqs « 1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
iq

‚ txℓ
iu

Nℓ´1
i“0 a single randomized low-discrepancy pointset

‚ Nℓ greedily doubled on level where Vr∆ℓpXqs{pNℓCℓq the largest
‚ Variance taken to be posterior variance with ∆ℓ „ GPp0,Kℓq (independent GPs)
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fpℓ,px1,x2qq “ sinpx1q ` 2´ℓ cospx2q

10
12

10
10

10
8

10
6

10
4

10
2

MLMC IID

true error
standard error 10

12

10
10

10
8

10
6

10
4

10
2

R-MLQMC Lattice R = 8

true error
standard error 10

12

10
10

10
8

10
6

10
4

10
2

R-MLQMC Lattice R = 8 Baker

true error
standard error 10

12

10
10

10
8

10
6

10
4

10
2

R-MLQMC DNet R = 8

true error
standard error

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
12

10
10

10
8

10
6

10
4

10
2

IGP Lattice Fast SI = 1

true error
standard error

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
12

10
10

10
8

10
6

10
4

10
2

IGP Lattice Fast SI = 1 BAKER

true error
standard error

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
12

10
10

10
8

10
6

10
4

10
2

IGP DNet Fast DSI = 1

true error
standard error

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
12

10
10

10
8

10
6

10
4

10
2

IGP DNet Fast DSI = 4

true error
standard error

analytic problem with d = 2 dimensions and L = 4 levels with T = 50 trials



Quasi-Monte Carlo QMCPy Fast Gaussian Processes FastGPs Software Bayesian MLQMC Fast Multi-Task GPs Software References Extra

10
3

10
2

10
1

10
0

MLMC IID

true error
standard error

10
3

10
2

10
1

10
0

R-MLQMC Lattice R = 8

true error
standard error

10
3

10
2

10
1

10
0

R-MLQMC Lattice R = 8 Baker

true error
standard error

10
3

10
2

10
1

10
0

R-MLQMC DNet R = 8

true error
standard error

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
3

10
2

10
1

10
0

IGP Lattice Fast SI = 1

true error
standard error

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
3

10
2

10
1

10
0

IGP Lattice Fast SI = 1 BAKER

true error
standard error

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
3

10
2

10
1

10
0

IGP DNet Fast DSI = 1

true error
standard error

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
3

10
2

10
1

10
0

IGP DNet Fast DSI = 4

true error
standard error

borehole problem with d = 8 dimensions and L = 2 levels with T = 50 trials



Quasi-Monte Carlo QMCPy Fast Gaussian Processes FastGPs Software Bayesian MLQMC Fast Multi-Task GPs Software References Extra

10
5

10
4

10
3

MLMC IID

true error
standard error

10
5

10
4

10
3

R-MLQMC Lattice R = 8

true error
standard error

10
5

10
4

10
3

R-MLQMC Lattice R = 8 Baker

true error
standard error

10
5

10
4

10
3

R-MLQMC DNet R = 8

true error
standard error

2
9

2
10

2
11

2
12

2
13

max budget

10
5

10
4

10
3

IGP Lattice Fast SI = 1

true error
standard error

2
9

2
10

2
11

2
12

2
13

max budget

10
5

10
4

10
3

IGP Lattice Fast SI = 1 BAKER

true error
standard error

2
9

2
10

2
11

2
12

2
13

max budget

10
5

10
4

10
3

IGP DNet Fast DSI = 1

true error
standard error

2
9

2
10

2
11

2
12

2
13

max budget

10
5

10
4

10
3

IGP DNet Fast DSI = 4

true error
standard error

elliptic problem with d = 8 dimensions and L = 4 levels with T = 50 trials



Quasi-Monte Carlo QMCPy Fast Gaussian Processes FastGPs Software Bayesian MLQMC Fast Multi-Task GPs Software References Extra

10
11

10
10

10
9

10
8

10
7

10
6

10
5

10
4

MLMC IID

true error
standard error

10
11

10
10

10
9

10
8

10
7

10
6

10
5

10
4

R-MLQMC Lattice R = 8

true error
standard error

10
11

10
10

10
9

10
8

10
7

10
6

10
5

10
4

R-MLQMC Lattice R = 8 Baker

true error
standard error

10
11

10
10

10
9

10
8

10
7

10
6

10
5

10
4

R-MLQMC DNet R = 8

true error
standard error

2
8

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
11

10
10

10
9

10
8

10
7

10
6

10
5

10
4

IGP Lattice Fast SI = 1

true error
standard error

2
8

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
11

10
10

10
9

10
8

10
7

10
6

10
5

10
4

IGP Lattice Fast SI = 1 BAKER

true error
standard error

2
8

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
11

10
10

10
9

10
8

10
7

10
6

10
5

10
4

IGP DNet Fast DSI = 1

true error
standard error

2
8

2
9

2
10

2
11

2
12

2
13

2
14

max budget

10
11

10
10

10
9

10
8

10
7

10
6

10
5

10
4

IGP DNet Fast DSI = 4

true error
standard error

steady state diffusion 1d problem with d = 9 dimensions and L = 5 levels with T = 50 trials



Quasi-Monte Carlo QMCPy Fast Gaussian Processes FastGPs Software Bayesian MLQMC Fast Multi-Task GPs Software References Extra

10
3

10
2

10
1

MLMC IID

true error
standard error

10
3

10
2

10
1

R-MLQMC Lattice R = 8

true error
standard error

10
3

10
2

10
1

R-MLQMC Lattice R = 8 Baker

true error
standard error

10
3

10
2

10
1

R-MLQMC DNet R = 8

true error
standard error

2
9

2
10

2
11

2
12

max budget

10
3

10
2

10
1

IGP Lattice Fast SI = 1

true error
standard error

2
9

2
10

2
11

2
12

max budget

10
3

10
2

10
1

IGP Lattice Fast SI = 1 BAKER

true error
standard error

2
9

2
10

2
11

2
12

max budget

10
3

10
2

10
1

IGP DNet Fast DSI = 1

true error
standard error

2
9

2
10

2
11

2
12

max budget

10
3

10
2

10
1

IGP DNet Fast DSI = 4

true error
standard error

Asian option problem with d = 16 dimensions and L = 8 levels with T = 50 trials



Quasi-Monte Carlo QMCPy Fast Gaussian Processes FastGPs Software Bayesian MLQMC Fast Multi-Task GPs Software References Extra

Multi-Task Gaussian Processes

fpℓ,xq „ GPp0,Kq

N “ N1 ` ¨¨ ¨ ` NL sampling locations D “ D1 Y ¨¨ ¨ Y DL where Dℓ “
␣`

ℓ,xℓ
i

˘(Nℓ

i“1.
Posterior mean and covariance

Erfpℓ,xqs “ KT pℓ,xqK´1f

Vrfpℓ,xqs “ Kppℓ,xq,pℓ,xqq ´ KT pℓ1,x1qK´1Kpℓ,xq

‚ Kpℓ,xq “ KpD,pℓ,xqq and f “ fpDq are length N vectors
‚ K “ KpD,DT q is the N ˆ N Gram matrix

Kernel K depends on hyperparameters θ e.g. global scale, lengthscale, etc.
Hyperparameters θ often chosen to minimize negative marginal log likelihood (NMLL)

NMLL 9 fT K´1f ` log|K| ` logp2πqN

6 Multi-Task GPs require computing K´1f and log|K| ùñ standard cost OpN3q
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Independent GPs vs a Multi-Task GP Example
Low Fidelity Left, High Fidelity Right
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Independent GPs vs a Multi-Task GP Example
Low Fidelity Left, High Fidelity Right
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Independent GPs vs a Multi-Task GP Example
Low Fidelity Left, High Fidelity Right
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Product Kernels for Multi-Task GPs
Common to assume

Kppℓ,xq,pℓ1,x1qq “ Rpℓ,ℓ1qQpx,x1q

‚ R : t1, . . . ,Lu ˆ t1, . . . ,Lu Ñ R an SPD kernel over levels e.g.

R “
␣

Rpℓ,ℓ1q
(L

ℓ,ℓ1“1 “ BBT ` diagpνq, ν P RL
`, B P RLˆr, rank r ď L

‚ Q : r0,1sd ˆ r0,1sd Ñ R an SPD kernel over parameters

K “

¨

˚

˝

K11 ¨ ¨ ¨ K1L
... . . . ...

K1L ¨ ¨ ¨ KLL

˛

‹

‚

“

¨

˚

˝

R11Q11 ¨ ¨ ¨ R1LQ1L
... . . . ...

R1LQ1L ¨ ¨ ¨ RLLQLL

˛

‹

‚

‚ Rℓℓ1 “ Rpℓ,ℓ1q is a scalar
‚ Qℓℓ1 “ QpDℓ,DT

ℓ1 q is an Nℓ ˆ Nℓ1 Gram matrix
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Fast Multi-Task GPs

K “

¨

˚

˝

R11Q11 ¨ ¨ ¨ R1LQ1L
... . . . ...

R1LQ1L ¨ ¨ ¨ RLLQLL

˛

‹

‚

Idea: Force “nice” structure in Qℓℓ1 through special pairings of Xℓ “ txℓ
iu

Nℓ
i“1 and Q

1. Xℓ a lattice and Q a shift invariant (SI) kernel ùñ Qℓℓ1 block circulant
2. Xℓ a (base 2) digital net and Q a digitally SI (DSI) kernel ùñ Qℓℓ block RSBT

Technicalities
‚ Lattices and digital nets require sample sizes Nℓ “ 2mℓ

‚ Lattices X1, . . . ,XL: same generating vector, possibly different random shifts
‚ Circulant matrices diagonalizable by FFT
‚ Digital nets X1, . . . ,XL: same generating matrices, possibly different digital shifts
‚ RSBT matrices diagonalizable by FWHT
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Independent Fast GPs vs Fast Multi-Task GPs Example
Low Fidelity Left, High Fidelity Right
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Independent Fast GPs vs Fast Multi-Task GPs Example
Low Fidelity Left, High Fidelity Right
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Independent Fast GPs vs Fast Multi-Task GPs Example
Low Fidelity Left, High Fidelity Right
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Fast Multi-Task GPs Continued

Kℓℓ1 “ Rℓℓ1Qℓℓ1 “ Vmℓ
Σℓℓ1Vmℓ1

‚ Vm a 2m ˆ 2m fast transform matrix
1. Lattice Xℓ with SI Q makes Vmℓ

the Fast Fourier Transform
2. Digital Net Xℓ with DSI Q makes Vmℓ

the Fast Walsh Hadamard Transform
‚ Vma and Vma both cost only Opm2mq to compute
‚ The first column of Vm is 1m{

?
2m

‚ Σℓℓ1 a diagonal block matrix characterized by

σℓℓ1 “ Σℓℓ11mℓ1 “
?

2mℓ1 Vmℓ
kℓℓ1,1

where kℓℓ1,1 is the first column of Kℓℓ1 and we assume mℓ ě mℓ1
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Fast Multi-Task GPs NMLL

K “

¨

˚

˝

Vm1
. . .

VmL

˛

‹

‚

¨

˚

˝

Σ11 ¨ ¨ ¨ Σ1L
... . . . ...

Σ1L ¨ ¨ ¨ ΣLL

˛

‹

‚

¨

˚

˝

Vm1
. . .

VmL

˛

‹

‚

“: VΣV

NMLL9pf
T

Σ´1
pf ` log|Σ| ` logp2πqN, pf “ Vf

6 Fast Multi-Task GP fitting requires computing Σ´1
pf and log|Σ|

For example, if N1 “ 8, N2 “ 4, and N3 “ 2 then Σ has the following structure

Σ “

»

—

—

—

—

—

—

—

—

—

–

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . . .
. . . .

. . . .
. . . .

. . . . . . .
. . . . . . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl
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Fast Multi-Task GPs Storage and Costs for Σ´1, log|Σ|
‚ Assume evaluating fpℓ,xq costs Cℓ for any x P r0,1sd

‚ Assume evaluating Kppℓ,xq,pℓ1,x1qq costs Opdq

‚ Assume m1 ě ¨¨ ¨ ě mL i.e. less samples on higher levels (or reorder levels)

NMLL 9 pf
T

Σ´1
pf ` log|Σ| ` logp2πqN

‚ Evaluate f “ fpDq at cost O
´

řL
ℓ“1 Cℓ2mℓ

¯

‚ Evaluate pf “ Vf at cost O
´

řL
ℓ“1 mℓ2mℓ

¯

‚ Evaluate only first columns of Kℓℓ1 at total cost O
´

d
řL

ℓ“1pL ´ ℓ ` 1q2mℓ

¯

‚ Evaluate Σ at cost O
´

řL
ℓ“1pL ´ ℓ ` 1qmℓ2mℓ

¯

‚ Store Σ in O
´

řL
ℓ“1pL ´ ℓ ` 1q2mℓ

¯

(possibly complex) floats

‚ Evaluate Σ´1
pf and log|Σ| at cost O

ˆ

řL
ℓ1“1 2´mℓ1

”

řℓ1´1
ℓ“1 2mℓ

ı2
˙

algorithm
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pip install qmcpy: qmcsoftware.github.io/QMCSoftware/
‚ Quasi-Monte Carlo Python software
‚ LD sequences with randomizations

‚ lattices (random shifts)
‚ digital nets (digital shifts, LMS, Owen scrambling (NUS), higher-order nets)
‚ Halton points (digital shifts, permutation scrambles, NUS)

‚ Automatic transforms (rewrite problem into f : r0,1sd Ñ R)
‚ Diverse use cases (financial options, parameterized PDEs, sensitivity indices, ...)
‚ Adaptive stopping criteria (choosing N to meet user-specified error tolerance ε)
‚ (Digitally)-shift-invariant kernels (of varying smoothness)

pip install fastgps: alegresor.github.io/fastgps/
‚ Single task and multi-task fast GPs (and baseline standard GPs)
‚ Kernel hyperparameter optimization (MLL, CV, GCV)
‚ Fast Bayesian cubature (including for multi-task GPs)
‚ Efficient batched GPs with GPU support

https://qmcsoftware.github.io/QMCSoftware/
https://alegresor.github.io/fastgps/
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Return to slide on Fast Multi-Task GPs Storage and Costs

Algorithm 1 Inverse and Determinant of Σ
Require: Σ diagonal block matrix with m1 ě ¨¨ ¨ ě mL.

A Ð Σ´1
11 diagonal

ρ Ð |Σ11|
ℓ Ð 2
while ℓ ď L do

D Ð Σℓℓ diagonal
C Ð Σ1:ℓ´1,ℓ diagonal blocks
Sℓ Ð D ´ CA´1C diagonal Schur complement

A Ð

ˆ

A´1 ` A´1CS´1
ℓ CA´1 ´A´1CS´1

ℓ

´S´1
ℓ CA´1 S´1

ℓ

˙

ρ Ð ρ|Sℓ|
ℓ Ð ℓ ` 1

end while
return A “ Σ´1 and ρ “ |Σ|
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