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Quasi-Monte Carlo and Fast Multi-Task Gaussian Process Regression

Aleksei G Sorokin'2, Fred J Hickernell!, Pieterjan M Robbe?
[IT, Department of Applied Math!. Sandia National Lab?.
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Quasi-Monte Carlo Methods

N—-1
p=ElgT)]=E[/(X)] ~ > f@)=p  X~ulo)’
i=0

® True mean p is a function of true integrand g and true measure T’

® Transformation T' ~ (X ) makes f = go,
e.g., T ~N(m,Z = AAT) then (X ) = A® 1 (X) +m, standard normal CDF &
 Sampling nodes g, x1,--- € [0,1]¢ chosen to be
* 1ID — Monte Carlo (MC) — error O(N~1/2)
* Low discrepancy (LD) — Quasi-Monte Carlo (QMC) — error ~ O(N 1) or better
[Dick and Pillichshammer, 2010, Dick et al., 2013]

Rand Shift: Lattice Seq B2 | Rand DShit
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Monte Carlo vs Quasi-Monte Carlo
MC error like O(N~1/2). QMC error like O(N~*9) for § > 0 arbitrarily small

= 1ID Uniform01 Seq = Rand Shift: Lattice Seq B2 = Rand DShift: LMS Digital Seq B2
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d = 7 dimensional function from [Keister, 1996]
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Monte Carlo Stopping Criteria

How to choose N so that |u— Ji| < e for some user specified error tolerance € > 07
e.g., want to approximate the value of a financial option to within 1 penny
Approximations should hold with sufficiently high probability or with guarantees

Central Limit Theorem (CLT) Stopping Criteria for 1ID-Monte Carlo

N >[2580/c]> — |u—[i| <2.580/VN < e with probability 99%

® Only a heuristic algorithm as CLT is asymptotic in NV

® May use initial sample to approximate o
o | | gives a guaranteed version of this two-step method for
finite N using Berry-Esseen inequalities and assuming a bounded Kurtosis
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Quasi-Monte Carlo Stopping Criteria
See [Owen, 2024] for a recent review of error estimation for QMC

1. Student-T intervals for R randomizations of a LD point set [L'Ecuyer et al., 2023]
2. Quickly track decay of coefficients for functions in cones [Hickernell et al., 2017]
® Fourier coefficients using LD lattices [Jiménez Rugama and Hickernell, 2014]
® Walsh coefficients using LD digital nets [Hickernell and Jiménez Rugama, 2014]
3. Fast Bayesian cubature for functions in cones [Rathinavel, 2019]
® Gram matrices diagonalizable by FFT [Rathinavel and Hickernell, 2019]
* Gram matrices diagonalizable by FWHT? [Rathinavel and Hickernell, 2022]

Randomization 4 Randomization §

© 164 o 65128+ 120256

!Fast Walsh Hadamard Transform (FWHT) [Fino and Algazi, 1976]
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Gaussian Process Regression (GPR)

f~GP(0,K)
Posterior mean and covariance

E[f ()X, f] = Kx(z)K™'f
Cov[f (), f(')IX, f] = K (z,a') - Kx(z) K™ Kx(a')

SPD K :[0,1]?x[0,1]? - R

Sampling locations X = {z;} ¥ ;! 1
Sample values f = {f(x:)} 5!

o Kernel vector Kx(x) = {K(z,2;)}]\ 5!

e Gram matrix K = {K (z;, )}V, L

i1 =0 .
Standard GPR cost is O(N?)
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Bayesian Cubature

f ~GP(0,K)

p=Ex[f(X)], X ~U[0,1]% is Gaussian with posterior cubature mean and variance

N ~T

o= ByulX, £] = BxK'f
o _ N_NT 1>
o” = Vars[u|X, f] = K — KyK" " Kx

Kx =Ex[Kx(X)] and K = Ex x»[K(X,X")] for independent X, X"’ ~ 1[0, 1]¢

S |lp =) < 2.585 with probability 99%

If %iK‘l = 1/N then [1 is the sample average as in (Q)MC
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Fast GPs Pairing LD Points with Special Kernels

1. LD Lattices + Shift Invariant (SI) Kernels
* Give circulant Gram matrices K = {K(wi,wi/)}f\fi:o
.. Eigendecomp K = VAV where V is the DFT matrix — FFT in O(NlogN)
° ]

2. LD Digital Nets + Digitally Shift Invariant (DSI) Kernels

* Give Recursive Symmetric Block Toeplitz (RSBT) Gram matrices K
.. Eigendecomp K = VAV where V is the Hadamard matrix — FWHT in O(Nlog N)

° [ ]
Let v = 1/\/N and k; be the first columns of V' and K respectively:

A=Al =VNAw; = VNVVAD, = VNVk;
* Ka, K7la, and |K] can all be computed in O(Nlog N) computations

¢ Only requires evaluating and storing the first column of K

Originally developed in the context of fast Bayesian Cubature | |
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Lattices + SI K = Circulant K and Digital Nets + DSI K = RSBT K

Lattice Points Lattice Kernels Lattice Kernel Matrix
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Digital Net Digital Net Kernels
DRI 1.5

AN
0.0 \
-0.5 \

Digital Kernel Matrix
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Examples in One Dimension [Surjanovic and Bingham]

attice
L, rel error, Cl width, Cl capture

S| lattice
Ly rel error, Cl width, CI capture

DS! digital net
L, rel error, Cl width, Cl capture

smooth curve
|
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<

14e01  34e01  27.8%
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Ackley Function in Two Dimensions [Surjanovic and Bingham]

SE grid S| lattice DSI digital net
L, relative error = 3.71e-2 L, relative error = 2.85e-2 L, relative error = 2.62e-2
time = 2.24e0 time = 1.92e-3 time = 4.54e-3

error

20

15
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posterior mean M,(x)

1005
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|
|

average Cl width = 2.45e-3
Cl captured 0.1%

average Cl width = 3.71e0
Cl captured 92.5%

v

Y

average Cl width = 2.74e0
Cl captured 98.8%




QMC GPs
0000 00

Fast GPs
0000

Lattices + SI K

Unrandomized Lattice

Generating vector g€ {1,..., N —1}¢ gives the unrandomized lattice

™ —ig/N modl, i=0,...,N—1

Lattice 1 = i(1,11)/16 (mod 1), i=0,...,15

1.50 1.50 1.50
1.25 1.25 1.25
1.00 1.00 T 1.00
?z, 2 0.75 1 2075 g 2075
0.50 0.50 0.50
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Shifted Lattice

Generating vector g€ {1,...,N —1}¢ and shift A e [0,1]? gives the shifted lattice

z; = (£ +A) modl=(ig/N+A) modl, i=0,....N—1
Lattice &; = ¢(1,11)/16 + A (mod 1), ¢=0,...,15
125 125 o ©® 125
[ ] hd ¢
1.00 . L0 4 . v 1.00 v
S0T5 g ° 075 IS ¢ 2075 ¢ ¢ ¢ o «
g & ¢ N & o ! g
0.50 ° 0.50 X ¢ 0.50 ¢ ¢
. e ' )
0.25 N 025 ¢ N ¢ 0.25 ==
[ ]
0.00 0.00 ¢ ¢ 0.00
0.0 05 1.0 0.0 05 1.0 0.0 05 1.0 0.0 05 1.0
Til Ti Ti1 Ti1
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Shifted Lattices + S| Kenels = Circulant Matrices

Shift invariant (S1) kernels K may be written in terms of some K : [0,1]¢ > R s.t.
K(:I:,:t:’)zf((a:@:n'), zOx = (x—2x') modl
For {x;} ! a shifted lattice,

. .,
%@w=(ﬁ@A>@Cﬁ@A>

:{@—m mod N

N

~ Ko =Ko [(i—i) mod N]

g} =ToOX('—i) mod N

so K is circulant
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Examples of Shift Invariant (SI) Kernels

For f:[0,1] —» R, if f(*) has an absoltey convergent Fourier series for some o € Ny

and f%) periodic for all 8 € {0,...,a.—1} then
z) = Y ke — f<a> = 3 FE ek, F@) (k) = (2mik)* F (k)
keZ keZ

For B; the i*" Bernoulli polynomial,

. 2mi(x—a’) —1)etl(9 .
Ko(z,2") = Z ¢ e = (=1) 5 ('W) Boo(z07') =: Ko(r01)
keZ\{0} (20)!

is the kernel of the Sobolev RKHS H® with inner product
(= (10 [ 1@

Let ™ be the RKHS W|th SI kerneI d
H L+ Ko,(z;02))]
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R (_1)a+1(2ﬂ.)2a
Ka (l’) = (Q—Q)'BQQ (l’)
0.154
0.104
0.05 4
0.00
-0.05
0.0 0j5 1.0

If fe Y then QMC error ‘S[o 14 f(z)dx — %Zf\i—ol (x;)| is O(n=2*9)

for certain lattices {x;} ;! and certain weights n (with & > 0 arbitrarily small)
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Digitwise Operations
Prime base b > 2 expansion of z € [0,1) is
T = X1X2X3""p = ZX@bié, e.g. 375 = .0115,
leN
with digitwise subtraction (digitwise exclusive or in base b = 2)
QY= Z((Xz—yg) mod b)b~*, e.g. 3750.625 =.011,0.1015 = .1109 = .75.
LeN
Similarly for k€ Ny
k= - kokiko.0p = Z ke,  eg.  5=101,,
ZENO
k©h:= ) ((ke+h) modb)bf, eg — 506=101,0110, =011, = 3.
ZGN()

Apply elementwise to vectors

zOx = (1107),...,2407)), kOk' = (ki©k),...,ka©k))
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Digital Nets

N =b" and fixed gyo,gp1,...,9,7—1 € [0,1)? give the unrandomized digital net

) P-1 P-1
T = Oliggye,  i= »,ige{0,....6" -1}
£=0 =0

Appendix
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Digitally Shifted Digital Nets (and other Randomizations)
9b0, G5+, gpr—1 € [0,1)4 and digital shift (DS) A € [0,1)¢ gives the DS digital net

. P-1 P-1
T, =2{50A = OiguOA, i=) ie{0,...,b" -1}
£=0 =0

Linear Matrix Scrambling (LMS) and Owen Scrambling [Owen, 2003] also available
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Digitally Shifted Digital Nets 4+ DSI Kernels = RSBT Matrices
Digitally Shift Invariant (DSI) kernels K may be written as
K(z,2') = K(zox') for some K :[0,1]? >R
For {:ci}?:o_l a b= 2 DS digital net and 0 <y’ < P and i,i' € {0,...,2"" "1 — 1}
K por i yor = Ki since
T op Oy op
= (2i©9y) O (@7 ©9y)
=T, 0Ty
)= Ki7i,+2,,/ since
T o Oy
=T; 009Gy OTy

=x; @mil+2p/

[ ]
Ki+2p’ i

so K is Recursive Symmetric Block Toeplitz (RSBT)
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b = 2 Walsh Functions wal(z) and Weight Functions p (k)

walg(x) = (—I)Z’feNo keXt1 with binary expansions @ = > enxeb ™t and k= 2 leN, kb’

k=0=0; k=1=1, k=2=10. k=3=11,

1 1 11— —_— 11— —

o (k) sums the « largest indices of non-zero digits in the base b expansion of &,
e.g., for b=2, k =13 = 11012 has nonzero digit indices (4,3,1) so

p(13) =4, p2(13) =4+3, p3(13) =pa(13) = =4+3+1



QMC
0000

GPs Fast GPs Lattices + SI K Digital Nets + DSI K Multi-Task GPs Fast MTGPs Python Software References Appendix
[e]e) 0000 00000 00000e0 00000 000000 (e]e) 00000

Decay of Walsh Coefficients and QMC

For o = 2, let the d = 1 Sobolev RKHS H® have kernel K, and inner product2
a—1 A1 1 1
Gogra= 3, [ FD@)e [ gD @pat | £ @)y @)
32190 0 0
[ , ] show that 3C, > 0 s.t. if fe H* then
<C ab—ua(k)

‘f(k‘)’ = Jol f(x)walg(x)dz

Let H* be the RKHS with kernel Kq(z,2') = ’yl_[?:l[l + Ko, (75,77)]
If fe H*! then QMC error ‘S[o 1]d f(z)dx — %21{61 (x;)| is O(n=F9) for certain

(higher order) digital nets {x;}2 ;' and certain weights i (with § > 0 arbitrarily small)

2For the o = 1 case see | |
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Examples of Digitally Shift Invariant (DSI) Kernels

* K, t~he kernel o~f Sobolev RKHS H® is not DSI, however
H® c H* where H®* is an RKHS with DSI kernel

~ walg(zOy ~
Ko(z,y) = %% = Ko(20y)
€

Below K (z) with b =2 is shown. Discontinuities at {27 : a € N} among others.

» More info on Walsh functions waly (x), weight functions . (k), and the decay of Walsh coefficients of smooth functions
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Multilevel (Multi-Task) Modeling

Given a multilevel simulation
f:{1,...,L} x[0,1]* > R,

we want to model f(L,-), the true (maximum-fidelity) simulation.
e f(¢,z) simulates at level £€ {1,...,L} and with parameters x € [0,1]¢
® Higher levels are typically more expensive to evaluate
e f(1,-),f(2,-),..., f(L,-) are typically highly correlated

0.8 A
0.6

0.4 4

0.2 1

0.0

0 1 2
level £
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Numerical Solutions of PDEs with Random Coefficients

fllx)=F(v(lx,))
v:{l,...,L} x[0,1]¢ x Q is the numerical solution to the PDE
x represent random coefficients, e.g. coefficients in a Karhunen-Loéve expansion

¢ controlls the fidelity of the numerical solver e.g. the mesh width is 2~¢
F is a (possibly non-linear) functional of the PDE solution, e.g.,

* Flv(l,z,-)) =E[v(l,z,U)] where U ~U(Q), or

e Flv(l,x,)) =v(l,x,u) for some ue, e.g., u=1/2 shown below

v(1, x1,u), v(l,xz,U), ... v(2,x1,u), v(2,x2,U), ... v(3, x1,u), v(3, x2,U), ...
1.0 — 1 1

0.8 1
0.6 4
0.4

0.2
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Multi-Task Gaussian Processes (MTGPs)

f~GP(0,K)
N = Ny +---+ Ny, sampling locations D = D; U--- U Dy, where Dy = {(£,4)} Y, .
Posterior mean and covariance
E[f(6,z)] = K" (L, z)K"'f
Clf(bz), f(0 )] = K((t,2),(¢ @) - K" (¢ ,a") KK (' a)

e K({,z) = K(D,(¢,z)) and f = f(D) are length N vectors

e K=K(D,D") is the N x N Gram matrix
Kernel K depends on hyperparameters 8 e.g. global scale, lengthscale, etc.
Hyperparameters 6 often chosen to minimize negative marginal log likelihood (NMLL)

NMLL oc f7K™! f +log|K| +log(2m) N
". MTGP fitting requires computing K~! f and log|K| = standard cost O(N?)
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Independent GPs vs a Multi-Task GP Example
Low Fidelity Left, High Fidelity Right

independent GPs
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Independent GPs vs a Multi-Task GP Example

Low Fidelity Left, High Fidelity Right

independent GPs MTGP
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Multilevel Monte Carlo (MLMC) with MTGPs

Quantity of interest
fi- [ 1)
In our Bayesian setting, the posterior cubature mean and covariance are
E [ﬁ] _K K f

~ ~ ~ ~T ~
C [fe,fe/] = Ky —K, K 'Ky

* Integrals understood to be over [0,1]¢ with respect to x
e K;={K({,z) a length N vector
e Scalar Ky = SSK((4x), (¢, 2))dede’

". Quantity of interest

~ ~T ~ ~T ~
o~ N (KLKflf,KLL —KLK*KL)
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Product Kernels for Multi-Task GPs

Common to assume
K((4,x),(',")) = R((,0)Q(z,x")

R:{1,...,L} x{1,...,L} — R an SPD kernel over levels e.g.

R= {R(ﬁ,é’)}fﬂzl —BB” +diag(v), veRL, BeR™ rankr<L

* @Q:[0,1]%x [0,1]¢ — R an SPD kernel over parameters
Kii - Kig RiuQun - RitQur
K=1 : -~ 1 [= : :
Kin -+ Kpp RitQur -+ RorQerr

Ry = R(¢,0') is a scalar
e Quy = Q(Dg,Dg,’) is an Ny x Ny Gram matrix
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Fast MTGPs

R11Qu -+ RiQir
K= : e :
RipQir - RprQrr
Idea: Force “nice” structure in Qg through special pairings of X; = {mgi}g\fl and Q

1. X; a lattice and @ a shift invariant (SI) kernel = Qu block circulant

2. X; a (base 2) digital net and @ a digitally SI (DSI) kernel = Qg block RSBT
Technicalities

e |attices and digital nets require sample sizes Ny = 2™

® Lattices Xy,...,X: same generating vector, possibly different random shifts

e Circulant matrices diagonalizable by FFT

e Digital nets Xy,...,Xz: same generating matrices, possibly different digital shifts
e RSBT matrices diagonalizable by FWHT
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Independent Fast GPs vs Fast MTGPs Example
Low Fidelity Left, High Fidelity Right
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Independent Fast GPs vs Fast MTGPs Example
Low Fidelity Left, High Fidelity Right

independent GPs
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Independent Fast GPs vs Fast MTGPs Example
Low Fidelity Left, High Fidelity Right

independent GPs MTGP

Lattice + Sl Kernel

independent GPs MTGP

Digital Net + DSI Kernel
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Fast MTGPs Continued

Kee = Ror Qe = Vi, ZooVm,,

V., a 2™ x 2™ fast transform matrix
1. Lattice X, with SI @ makes V,,, the Fast Fourier Transform
2. Digital Net X, with DSI Q makes V,,,, the Fast Walsh Hadamard Transform

Vna and V,,a both cost only O(m2™) to compute
The first column of V,,, is 1,,//2™

> ¢¢r a diagonal block matrix characterized by

o =2, = V2" Ny, ke q

where kyp 1 is the first column of K and we assume my = my

Appendix
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Fast MTGPs NMLL
Vi, i o Xin\ (Vi
K= ' : R
Vi, ) \Z12 ++ ZrL

Python Software References

= VXV

V.

NMLLocf ' ¥'f +log|| +log(2m)N, F=Vf

. Fast MTGP fitting requires computing ' f and log|X|

For example, if N7y =8, Ny =4, and N3 = 2 then ¥ has the following structure
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Fast MTGPs Storage and Costs

Assume evaluating f(¢,x) costs Cy for any x € [0,1]¢
Assume evaluating K((¢,x), (¢, ")) costs O(d)
Assume my = --- = my i.e. less samples on higher levels (or reorder levels)

NMLL o §* £-1F + log|E| + log(27)N
Evaluate f = f(D) at cost O (2521052””)
Evaluate } =Vf at cost O (Zle ngm‘f)
Evaluate only first columns of Ky at total cost O (ngLzl(L—f—k 1)2me
Evaluate ¥ at cost O <Z£=1(L —(+ l)mg2m5>
Store ¥ in O <Zf:1(L—€+ 1)2’”@) (possibly complex) floats

N—

U

- 2
Evaluate ! f and log|Z| at cost O (Zﬁ_l 2 M [25:_11 2””] )
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Python Software

QMCPy [github.com/QMCSoftware/QMCSoftware]

® |ow discrepancy sequences including lattices and digital nets

* Measures with automatic transforms to integrals over [0,1]¢

e Adaptive stopping criteria for [ID Monte Carlo and QMC
FastGPs [alegresor.github.io/fastgps|

e Fast GPs
Fast MTGPs
Uses PyTorch for efficient optimizing and GPU compatibility
Efficient MTGP updates when increasing sample sizes via caching
MLQMCPy [github.com/PieterjanRobbe/mlgmcpy]

® Multilevel IID Monte Carlo algorithms
e Multilevel QMC algorithms

Appendix


https://github.com/QMCSoftware/QMCSoftware
https://alegresor.github.io/fastgps
https://github.com/PieterjanRobbe/mlqmcpy
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Thank you for listening!

independent GPs MTGP

Lattice + Sl Kernel

independent GPs MTGP

Digital Net + DSI Kernel
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Walsh Functions

Introduced for base b =2 in | | with important results in | ]
Generalized to finite abelian group with a bijection in [ |

For k € Ng with k = (ko,ki,...) and z € [0,1) with x = (x1,x2,...),
walk(:v) = eQm/bZZio kexgr1 — e?ﬂi/bk.x

eg forb=2,  walg(.75) = (—1)OLD-LLO — 7

For any fixed b, {waly : k € Ny} is a complete orthonormal system in L£2([0,1)).
Notice similarity to complex exponential basis {€*™* : k € Z} for Fourier series.
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Walsh Function Properties
For any z,y € [0,1) and k,h e Ny and f € L2([0,1))
1. walg(x)waly(x) = walgep () and walg(z)walg(y) = walg(z©y)

2.
1 1, k=0
Lwalk(x)dxz{()’ 0
3.
1 1
Jf(o)dazf f(x©o)do
0 0
4

bo1

b? IZ(x)—1
> waly(z) = { » a<Il)
k=0

0, otherwise

where Z(x) = —|log, ()] is the index first non-zero digit in the base b expansion
e.g. with b =2 then Z(.375) =Z(.0113) = 2.

Appendix
0@000
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Weight Function
Write ke N as

#k
k= kab"
l=1
with a1 > --- > ay, >0 and kg, € {1,...,b—1}.
Weight function for o € Ny has

min(a,#k)
pa(k) = >, (ar+1)
/=1
with po(k) = pa(0) = 0. p sums indices of non-zero digits. For example, with b =2

k=13 = 11012 has (al,ag,ag) = (3,2,0)

pi(k)=3B+1), pa(k)=B+1)+(2+1), wps3(k)=CB+1)+2+1)+(0+1)=pa(k)=....
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Walsh Series of Smooth Functions
For e = 2 the Sobolev RKHS H® with inner product

a—1 1 1 1
_ ® (e [ 0@ (2)de (@) ()0 (2)da
e ;Lf <>dfog (2)d +f0f ()9 (2)d

has kernel )
Ko((z—a'") Elod 1)/(2m)%«
a—1 .
Bg(x)Bg (') 1 Baa({z —2'})
Ko(a,a') = Y] =2+ (-1 :
[ , | show that if f € H® then for f So x)walg(x)dr we have
2 (k) . 2 Cta
sup f(k)‘b““ < ie. 3Cfa >0 s.t. ‘f(k:)‘ < .
keNo ’ btia (k)

For the v =1 case see | ]
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Algorithm 1 Inverse and Determinant of ¥

Require: X diagonal block matrix with mq > --- > my,.

A— 21_11 diagonal
p < |11
f<—2
while ¢/ < L do
D < X4 diagonal
C <« X141 diagonal blocks
S; — D — CA~!C diagonal Schur complement
—Szl(:A_l Szl
p < p|Si|
l—10+1
end while
return A=Y ! and p=IX|
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