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Quasi-Monte Carlo and Fast Gaussian Process Regression
Aleksei G Sorokin. UChicago stats postdoc. sorokin@uchicago.edu.

SE grid
error = 3.7e-2
time = 1.6e0
MLL = 6.3e3

SI lattice
error = 2.8e-2
time = 8.0e-4
MLL = -3.8e2

DSI digital net
error = 2.6e-2
time = 1.5e-3
MLL = -4.5e3
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Kernel methods hit a linear algebra wall
Learning a potential energy surface Epxq, x P Rd: a map from atomic coordinates
to energy, with forces “ ´∇E.

‚ Gaussian Approximation Potentials [Szlachta et al.2014] are exactly GP regression
with a hand-designed kernel; accuracy was competitive.

‚ Training data are energies and gradients, so the Gram matrix has size p1 ` dqn:

K “

«

kpxi,xjq Byb
kpxi,xjq

Bxakpxi,xjq BxaByb
kpxi,xjq

ff

, O
`

p1 ` dq3n3˘.

‚ The field’s response was approximation: inducing points, low-rank surrogates, a
few thousand retained samples.

‚ Neural networks then won on cost, not on statistics — and gave up the
closed-form posterior variance in the process.

If we may choose the design points, structure replaces approximation. Low-discrepancy
designs paired with matching kernels make K diagonalizable by a fast transform: exact
GP fitting in Opd2n logn ` d3nq.
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A dictionary
Modelling choice Mathematical object

Energy as a sum of terms involving
few atoms at a time

ANOVA / tensor-product kernel truncated at
order ν: k “

ř

|u|ďν γu
ś

jPu kj

Interactions ignored beyond a cutoff
distance

Decaying coordinate weights γu; tractability
in weighted Korobov spaces

Periodic cell; angular / dihedral co-
ordinates

Domain is the torus Td; shift-invariant kernels
are the natural class

Fitting to forces as well as energies Derivative observations; gradient-enhanced
Gram matrix

Cheap vs. expensive reference calcu-
lations

Multitask / multi-fidelity GP; Kronecker +
multiresolution structure

Error bars from an ensemble of net-
works

GP posterior variance, in closed form and for
free

‚ Left column is a modelling assumption; right column is what makes the linear
algebra fast. They are the same assumption.

‚ Lattices ` Fourier kernels for the gradient-enhanced case; digital nets ` Walsh
kernels where smoothness is not needed.
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Quasi-Monte Carlo (QMC) Background
Efficient algorithms for high dimensional numerical integration

‚ QMC methods replace IID points with low-discrepancy (LD) points
‚ LD sequences evenly cover the unit cube in high dimensions
‚ QMC has faster convergence than IID Monte Carlo for nicely behaved functions

[Dick and Pillichshammer2010, Dick et al.2013, Niederreiter1992]
‚ Randomizing LD sequences improves convergence and enables error estimation

[Dick2011, L’Ecuyer2016, L’Ecuyer et al.2023, Owen1995, 2003]
Applications

‚ Financial modeling, especially for option pricing
[Giles and Waterhouse2009, Lai and Spanier1998, L’Ecuyer2009]

‚ Solving PDEs, often with random coefficients
[Graham et al.2011, 2015, Kuo and Nuyens2016, Kuo et al.2012, 2015]

‚ Ray tracing, for simulating light transport in graphics rendering
[Jensen et al.2003, Raab et al.2006, Waechter and Keller2011]
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QMC Math
Efficient algorithms for high dimensional numerical integration

µ “

ż

T
gptqλpdtq “

ż

r0,1sd

fpxqdx «
1
n

n´1
ÿ

i“0
fpxiq, x0, . . . ,xn´1 P r0,1sd

Classic Monte Carlo has error like Op1{
?

nq using IID points pxiq
n´1
i“0

QMC has errors like Op1{nq using low discrepancy (LD) points with greater uniformity
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QMCPy Software [Sorokin et al.2026a]
pip install qmcpy or visit qmcsoftware.github.io/QMCSoftware/

A Python software unifying QMC tools from across the literature
‚ Randomized low-discrepancy sequences

‚ Lattices: random shifts
‚ Digital nets: random digital shifts, LMS, Owen scrambling (NUS), higher-order nets
‚ Halton points: digital shifts, permutation scrambles, NUS

‚ Automatic transforms: rewrite problem into f : r0,1sd Ñ R
‚ Diverse use cases: financial options, parameterized PDEs, sensitivity indices, ...
‚ Adaptive stopping criteria: choosing n to meet user-specified error tolerance ε

‚ IID Monte Carlo with guaranteed confidence intervals [Hickernell et al.2013]
‚ QMC with replications, see [L’Ecuyer et al.2023] or [Owen2018, Chapter 17]
‚ QMC via decay tracking of Fourier or Walsh coefficients [Hickernell et al.2017]
‚ QMC via Bayesian cubature using fast Gaussian processes [Rathinavel2019]
‚ Multilevel IID Monte Carlo [Giles2008, Robbe et al.2016, 2019]
‚ Multilevel QMC [Giles and Waterhouse2009, Robbe et al.2017]

‚ Special kernels and fast transforms: used for fast Gaussian process regression

https://qmcsoftware.github.io/QMCSoftware/
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IID and Low-Discrepancy Points
Including higher-order digital nets and higher-order scramblings
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Speed of Generating IID and Low-Discrepancy Points
Randomized LD points are as fast to generate as IID points

R randomizations of n points in d dimensions
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Root Mean Squared Error (RMSE) of Randomized QMC
Higher-order digital nets achieve higher-order convergence for low dimensional functions
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Adaptive QMC for High Dimensional Asian Option Pricing
Automatically choose sample size n to meet user specified error tolerances
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Gaussian Process (GP) Regression Background
Flexible interpolation models with built-in UQ [Williams and Rasmussen2006]

‚ UQ from (computable) posterior distribution conditioned on observations
‚ Equivalent to kernel interpolation in a RKHS (reproducing kernel Hilbert space)

Applications
‚ Bayesian optimization, for finding global minima of expensive simulations

[Frazier2018, Snoek et al.2012, Wu et al.2020]
‚ Solving PDEs, with deterministic (1) or random (2) coefficients

(1) [Batlle et al.2025, Chen et al.2021, 2024, Cockayne et al.2017]
(2) [Batlle et al.2024, Kaarnioja et al.2022, 2023, Sorokin et al.2024]

‚ Bayesian cubature, possible since the integral of a GP is still Gaussian
[Briol et al.2019, O’Hagan1991, Rasmussen and Ghahramani2003]

‚ Reliability analysis, to efficiently predict the probability of system failure
[Bae et al.2020, Dubourg et al.2013, Rackwitz2001, Renganathan et al.2022,
Sorokin and Rao2023, Zanette et al.2018]
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GPs Math
Flexible interpolation models with built-in UQ [Williams and Rasmussen2006]

f „ GPp0,Kq with posterior mean and covariance

Erfpxq|X,f s “ KXpxqK´1f

Vrfpxq|X,f s “ Kpx,xq ´ KXpxqT K´1KXpxq

‚ SPD K : r0,1sd ˆ r0,1sd Ñ R
‚ Sampling locations X “ txiu

N´1
i“0

‚ Sample values f “ tfpxiqu
N´1
i“0

‚ Kernel vector KXpxq “ tKpx,xiqu
N´1
i“0

‚ Gram matrix K “ tKpxi,xi1qu
N´1
i,i1“0
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Typically requires OpN2q storage and OpN3q computations
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Fast GPs Background
Reduce high GP costs by forcing structure into the Gram matrix [Zeng et al.2006, 2009]

‚ OpN logNq computations (compared to typically OpN3q cost), and
‚ OpNq memory (compare to classic OpN2q memory requirements).

Fast GPs exploit Gram matrix structure present when pairing
‚ Special low-discrepancy (LD) sequences, either lattices or digital nets, to
‚ (Digitally)-shift-invariant (SI or DSI) kernels, of varying smoothness

Requirements
‚ Controlling design of experiments, in order to use LD points
‚ Using uncommon kernels, either the SI or DSI kernels

Applications
‚ Solving PDEs, often with random coefficients

[Kaarnioja et al.2022, 2023, Sorokin et al.2024]
‚ Fast Bayesian cubature [Rathinavel and Hickernell2019, 2022]
‚ Discrepancy computation [Hickernell1998a,b]
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Fast GPs exploit Gram matrix structure present when pairing
‚ Special low-discrepancy (LD) sequences, either lattices or digital nets, to
‚ (Digitally)-shift-invariant (SI or DSI) kernels, of varying smoothness

Requirements
‚ Controlling design of experiments, in order to use LD points
‚ Using uncommon kernels, either the SI or DSI kernels

Applications
‚ Solving PDEs, often with random coefficients

[Kaarnioja et al.2022, 2023, Sorokin et al.2024]
‚ Fast Bayesian cubature [Rathinavel and Hickernell2019, 2022]
‚ Discrepancy computation [Hickernell1998a,b]
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Fast GPs Pairing LD Points with Special Kernels

1. LD Lattices + Shift Invariant (SI) Kernels
‚ Give circulant Gram matrices K “ tKpxi,xi1qu

N´1
i,i1“0

6 Eigendecomp K “ VΛV where V is the DFT matrix Ñ FFT in OpN logNq

2. LD Digital Nets + Digitally Shift Invariant (DSI) Kernels
‚ Give Recursive Symmetric Block Toeplitz (RSBT) Gram matrices K

6 Eigendecomp K “ VΛV where V is the Hadamard matrix Ñ FWHT in OpN logNq

Let v1 “ 1{
?

N and k1 be the first columns of V and K respectively:

λ :“ Λ1 “
?

NΛv1 “
?

N VVΛv1 “
?

N Vk1

‚ Ka, K´1a, and |K| can all be computed in OpN logNq computations
‚ Only requires evaluating and storing the first column of K
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Lattices + SI K = Circulant K and Digital Nets + DSI K = RSBT K
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FastGPs Software [Sorokin et al.2025a,b, 2026b]
pip install fastgps or visit alegresor.github.io/fastgps/

A scalable Python software for fast Gaussian process (GP) regression requiring only
1. Kernel hyperparameter optimization of marginal log likelihood (MLL), cross

validation (CV), or generalized cross validation (GCV) loss.
2. Fast Bayesian cubature for uncertainty quantification in Quasi-Monte Carlo.
3. Fast multitask GPs with support for different sample sizes for each task.

Potentially useful for multi-fidelity simulations and Multilevel Monte Carlo.
4. Batched GPs for simultaneously modeling vector-output simulations.
5. GPU support enabled by the PyTorch stack.
6. Flexible LD sequences and SI/DSI kernels from the Quasi-Monte Carlo

Python package QMCPy qmcsoftware.github.io/QMCSoftware/.
7. Derivative-informed GPs for simulations coupled with automatic differentiation.
8. Efficient variance projections for non-greedy Bayesian optimization in MLMC.

https://alegresor.github.io/fastgps/
https://qmcsoftware.github.io/QMCSoftware/
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Examples in One Dimension [Surjanovic and Bingham], N “ 8
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Ackley Function in Two Dimensions [Surjanovic and Bingham], N “ 4096
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Multilevel (Multitask) Modeling
Given a multilevel simulation

f : t1, . . . ,Lu ˆ r0,1sd Ñ R,

we want to model fpL, ¨q, the true (maximum-fidelity) simulation.
‚ fpℓ,xq simulates at level ℓ P t1, . . . ,Lu and with parameters x P r0,1sd

‚ Cost Cℓ typically greater on higher levels
‚ fp1, ¨q,fp2, ¨q, . . . ,fpL, ¨q are typically highly correlated

0 1 2
level 
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Numerical Solutions of PDEs with Random Coefficients

fpℓ,xq “ Fpvpℓ,x, ¨qq

‚ v : t1, . . . ,Lu ˆ r0,1sd ˆ Ω is the numerical solution to the PDE
‚ x represent random coefficients, e.g. coefficients in a Karhunen–Loève expansion
‚ ℓ controls the fidelity of the numerical solver e.g. the mesh width is 2´ℓ

‚ F is a (possibly non-linear) functional of the PDE solution, e.g.,
‚ Fpvpℓ,x, ¨qq “ Ervpℓ,x,Uqs where U „ UpΩq, or
‚ Fpvpℓ,x, ¨qq “ vpℓ,x,uq for some u P Ω, e.g., u “ 1{2 shown below
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Multilevel (Quasi-)Monte Carlo without Replications

ErfpL,Xqs “

L
ÿ

ℓ“1
Erfpℓ,Xq ´ fpℓ ´ 1,Xq
loooooooooooomoooooooooooon

∆ℓpXq

s, X „ Ur0,1sd, fp0, ¨q “ 0

MLMC Er∆ℓpXqs « 1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
iq for IID xℓ

0, . . . ,xℓ
Nℓ´1 „ Ur0,1sd

‚ Nℓ 9
a

Vr∆ℓpXqs{Cℓ chosen to optimally minimize error [Giles2008]
R-MLQMC Er∆ℓpXqs « 1

R

řR
r“1

1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
riq [Giles and Waterhouse2009]

‚ IID randomizations of low-discrepancy point txℓ
1iu

Nℓ´1
i“0 , . . . ,txℓ

Riu
Nℓ´1
i“0 .

‚ Nℓ greedily doubled on level where Vr∆ℓpXqs{pNℓCℓq the largest
‚ Variance approximated by sample variance across R sub-means

(IGP) Bayesian MLQMC without replications Er∆ℓpXqs « 1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
iq

‚ txℓ
iu

Nℓ´1
i“0 a single randomized low-discrepancy point set

‚ Nℓ greedily doubled on level where Vr∆ℓpXqs{pNℓCℓq the largest
‚ Variance taken to be posterior variance with ∆ℓ „ GPp0,Kℓq (independent GPs)
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0, . . . ,xℓ
Nℓ´1 „ Ur0,1sd

‚ Nℓ 9
a

Vr∆ℓpXqs{Cℓ chosen to optimally minimize error [Giles2008]
R-MLQMC Er∆ℓpXqs « 1

R

řR
r“1

1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
riq [Giles and Waterhouse2009]

‚ IID randomizations of low-discrepancy point txℓ
1iu

Nℓ´1
i“0 , . . . ,txℓ

Riu
Nℓ´1
i“0 .

‚ Nℓ greedily doubled on level where Vr∆ℓpXqs{pNℓCℓq the largest
‚ Variance approximated by sample variance across R sub-means

(IGP) Bayesian MLQMC without replications Er∆ℓpXqs « 1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
iq

‚ txℓ
iu

Nℓ´1
i“0 a single randomized low-discrepancy point set

‚ Nℓ greedily doubled on level where Vr∆ℓpXqs{pNℓCℓq the largest
‚ Variance taken to be posterior variance with ∆ℓ „ GPp0,Kℓq (independent GPs)
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Multilevel (Quasi-)Monte Carlo without Replications

ErfpL,Xqs “

L
ÿ

ℓ“1
Erfpℓ,Xq ´ fpℓ ´ 1,Xq
loooooooooooomoooooooooooon

∆ℓpXq

s, X „ Ur0,1sd, fp0, ¨q “ 0

MLMC Er∆ℓpXqs « 1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
iq for IID xℓ

0, . . . ,xℓ
Nℓ´1 „ Ur0,1sd

‚ Nℓ 9
a

Vr∆ℓpXqs{Cℓ chosen to optimally minimize error [Giles2008]
R-MLQMC Er∆ℓpXqs « 1

R

řR
r“1

1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
riq [Giles and Waterhouse2009]

‚ IID randomizations of low-discrepancy point txℓ
1iu

Nℓ´1
i“0 , . . . ,txℓ

Riu
Nℓ´1
i“0 .

‚ Nℓ greedily doubled on level where Vr∆ℓpXqs{pNℓCℓq the largest
‚ Variance approximated by sample variance across R sub-means

(IGP) Bayesian MLQMC without replications Er∆ℓpXqs « 1
Nℓ

řNℓ´1
i“0 ∆ℓpx

ℓ
iq

‚ txℓ
iu

Nℓ´1
i“0 a single randomized low-discrepancy point set

‚ Nℓ greedily doubled on level where Vr∆ℓpXqs{pNℓCℓq the largest
‚ Variance taken to be posterior variance with ∆ℓ „ GPp0,Kℓq (independent GPs)
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Convergence with Increasing Budgets: LD Digital Nets
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Detailed configurations for single-level and multilevel problems



Quasi-Monte Carlo QMCPy Software Fast Gaussian Processes FastGPs Software Bayesian MLQMC Fast Multitask GPs Software References Extra

Single-Level Error Estimate Accuracy: LD Digital Nets
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Single-Level Error Estimate Accuracy: LD Digital Nets
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Multilevel Error Estimate Accuracy: LD Digital Nets
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Multilevel Error Estimate Accuracy: LD Digital Nets
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Multitask Gaussian Processes

fpℓ,xq „ GPp0,Kq

N “ N1 ` ¨¨ ¨ ` NL sampling locations D “ D1 Y ¨¨ ¨ Y DL where Dℓ “
␣`

ℓ,xℓ
i

˘(Nℓ

i“1.
Posterior mean and covariance

Erfpℓ,xqs “ KT pℓ,xqK´1f

Vrfpℓ,xqs “ Kppℓ,xq,pℓ,xqq ´ KT pℓ1,x1qK´1Kpℓ,xq

‚ Kpℓ,xq “ KpD,pℓ,xqq and f “ fpDq are length N vectors
‚ K “ KpD,DT q is the N ˆ N Gram matrix

Kernel K depends on hyperparameters θ e.g. global scale, lengthscale, etc.
Hyperparameters θ often chosen to minimize negative marginal log likelihood (NMLL)

NMLL 9 fT K´1f ` log|K| ` logp2πqN

6 Multitask GPs require computing K´1f and log|K| ùñ standard cost OpN3q
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Independent GPs vs a Multitask GP Example
Low Fidelity Left, High Fidelity Right
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Independent GPs vs a Multitask GP Example
Low Fidelity Left, High Fidelity Right
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Independent GPs vs a Multitask GP Example
Low Fidelity Left, High Fidelity Right
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Product Kernels for Multitask GPs
Common to assume

Kppℓ,xq,pℓ1,x1qq “ Rpℓ,ℓ1qQpx,x1q

‚ R : t1, . . . ,Lu ˆ t1, . . . ,Lu Ñ R an SPD kernel over levels e.g.

R “
␣

Rpℓ,ℓ1q
(L

ℓ,ℓ1“1 “ BBT ` diagpνq, ν P RL
`, B P RLˆr, rank r ď L

‚ Q : r0,1sd ˆ r0,1sd Ñ R an SPD kernel over parameters

K “

¨

˚

˝

K11 ¨ ¨ ¨ K1L
... . . . ...

K1L ¨ ¨ ¨ KLL

˛

‹

‚

“

¨

˚

˝

R11Q11 ¨ ¨ ¨ R1LQ1L
... . . . ...

R1LQ1L ¨ ¨ ¨ RLLQLL

˛

‹

‚

‚ Rℓℓ1 “ Rpℓ,ℓ1q is a scalar
‚ Qℓℓ1 “ QpDℓ,DT

ℓ1 q is an Nℓ ˆ Nℓ1 Gram matrix
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Fast Multitask GPs

K “

¨

˚

˝

R11Q11 ¨ ¨ ¨ R1LQ1L
... . . . ...

R1LQ1L ¨ ¨ ¨ RLLQLL

˛

‹

‚

Idea: Force “nice” structure in Qℓℓ1 through special pairings of Xℓ “ txℓ
iu

Nℓ
i“1 and Q

1. Xℓ a lattice and Q a shift invariant (SI) kernel ùñ Qℓℓ1 block circulant
2. Xℓ a (base 2) digital net and Q a digitally SI (DSI) kernel ùñ Qℓℓ block RSBT

Technicalities
‚ Lattices and digital nets require sample sizes Nℓ “ 2mℓ

‚ Lattices X1, . . . ,XL: same generating vector, possibly different random shifts
‚ Circulant matrices diagonalizable by FFT
‚ Digital nets X1, . . . ,XL: same generating matrices, possibly different digital shifts
‚ RSBT matrices diagonalizable by FWHT
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Multitask IID and Low-Discrepancy (LD) Sampling Points
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Independent Fast GPs vs Fast Multitask GPs Example
Low Fidelity Left, High Fidelity Right
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Independent Fast GPs vs Fast Multitask GPs Example
Low Fidelity Left, High Fidelity Right
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Independent Fast GPs vs Fast Multitask GPs Example
Low Fidelity Left, High Fidelity Right
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Fast Multitask GPs Continued

Kℓℓ1 “ Rℓℓ1Qℓℓ1 “ Vmℓ
Σℓℓ1Vmℓ1

‚ Vm a 2m ˆ 2m fast transform matrix
1. Lattice Xℓ with SI Q makes Vmℓ

the Fast Fourier Transform
2. Digital Net Xℓ with DSI Q makes Vmℓ

the Fast Walsh Hadamard Transform
‚ Vma and Vma both cost only Opm2mq to compute
‚ The first column of Vm is 1m{

?
2m

‚ Σℓℓ1 a diagonal block matrix characterized by

σℓℓ1 “ Σℓℓ11mℓ1 “
?

2mℓ1 Vmℓ
kℓℓ1,1

where kℓℓ1,1 is the first column of Kℓℓ1 and we assume mℓ ě mℓ1
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Fast Multitask GPs NMLL

K “

¨

˚

˝

Vm1
. . .

VmL

˛

‹

‚

¨

˚

˝

Σ11 ¨ ¨ ¨ Σ1L
... . . . ...

Σ1L ¨ ¨ ¨ ΣLL

˛

‹

‚

¨

˚

˝

Vm1
. . .

VmL

˛

‹

‚

“: VΣV

NMLL 9 pf
T

Σ´1
pf ` log|Σ| ` logp2πqN, pf “ Vf

6 Fast Multitask GP fitting requires computing Σ´1
pf and log|Σ|

For example, if N1 “ 8, N2 “ 4, and N3 “ 2 then Σ has the following structure

Σ “

»

—

—

—

—

—

—

—

—

—

–

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . . .
. . . .

. . . .
. . . .

. . . . . . .
. . . . . . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl



Quasi-Monte Carlo QMCPy Software Fast Gaussian Processes FastGPs Software Bayesian MLQMC Fast Multitask GPs Software References Extra

Comparison of Required Computations and Storage
K = V V = : 3, : 3 ( : 1, : 1) 1 ( : 2, : 2) 1 1 = ( : 3, : 3) 1

computations storage

GP fast GP GP fast GP

single-task n3 n logn n2 n
multitask equal N3 N logN N2 N
multitask unequal N3 N logN ` N2{nmin N2 N2{nmin

‚ “Multitask unequal” allows any L P N and any n1, . . . ,nL P N.
‚ “Multitask equal” allows any L P N but assumes n1 “ n2 “ ¨¨ ¨ “ nL :“ n.
‚ “Single-task” has L “ 1 and n1 :“ n.
‚ Fast GP constructions require nℓ “ 2mℓ for some mℓ P N0 for all ℓ P t1, . . . ,Lu.

Details of computing Σ and detΣ available in the algorithm summary and algorithm
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Fast Multitask GP Time Per Optimization Step for L “ 2 Tasks

21521421321221121029282726

n1

215

214

213

212

211

210

29

28

27

26

n 2

-1.11

-1.13

-1.16

-1.17

-1.19

-1.21

-1.17

-0.86

-0.77

-0.60

-1.17

-1.24

-1.28

-1.31

-1.33

-1.35

-1.35

-1.35

-1.26

-1.03

-1.13

-1.16

-1.34

-1.36

-1.39

-1.43

-1.43

-1.45

-1.45

-1.47

-1.18

-1.29

-1.35

-1.47

-1.51

-1.55

-1.52

-1.55

-1.55

-1.58

-1.20

-1.30

-1.40

-1.46

-1.56

-1.61

-1.65

-1.63

-1.63

-1.65

-1.21

-1.33

-1.39

-1.53

-1.59

-1.68

-1.71

-1.71

-1.75

-1.75

-1.20

-1.33

-1.43

-1.56

-1.62

-1.69

-1.78

-1.80

-1.83

-1.84

-0.90

-1.34

-1.43

-1.55

-1.65

-1.76

-1.83

-1.86

-1.86

-1.83

-0.74

-1.30

-1.34

-1.49

-1.58

-1.69

-1.81

-1.87

-1.96

-1.97

-0.56

-0.90

-1.34

-1.50

-1.59

-1.69

-1.82

-1.88

-1.98

-2.00

d = 10

21521421321221121029282726

n1

215

214

213

212

211

210

29

28

27

26

n 2

-0.60

-0.84

-0.80

-1.19

-1.23

-1.05

-0.96

-1.01

-0.83

-0.50

-0.92

-1.36

-1.14

-1.41

-1.38

-1.47

-1.35

-1.47

-1.46

-1.14

-0.94

-1.41

-1.52

-1.57

-1.59

-1.54

-1.54

-1.56

-1.55

-1.59

-0.86

-1.41

-1.54

-1.67

-1.70

-1.70

-1.70

-1.73

-1.72

-1.72

-0.81

-1.42

-1.57

-1.68

-1.76

-1.77

-1.80

-1.78

-1.79

-1.81

-0.82

-1.41

-1.51

-1.72

-1.77

-1.82

-1.84

-1.82

-1.86

-1.85

-0.80

-1.45

-1.59

-1.73

-1.80

-1.85

-1.86

-1.88

-1.86

-1.92

-0.63

-1.43

-1.60

-1.75

-1.83

-1.87

-1.89

-1.93

-1.94

-1.96

-0.52

-1.37

-1.50

-1.73

-1.65

-1.86

-1.70

-1.91

-1.98

-1.76

-0.58

-1.02

-1.46

-1.57

-1.83

-1.70

-1.92

-1.78

-1.90

-2.08

d = 100

1.8 1.6 1.4 1.2 1.0 0.8 0.6
log10 (time per opt step)

2.0 1.8 1.6 1.4 1.2 1.0 0.8 0.6
log10 (time per opt step)
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Posterior Mean Estimates for L “ 3 Rosenbrock Function in d “ 2
[Rumpfkeil and Beran2020, Wackers et al.2023]
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Times for the Borehole Function [Xiong et al.2013]

26 27 28 29 210 211 212

n1

26

27

28

29

210

211

212
n 2
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x

x
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x

x
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x

x

-1.21

-1.11

-1.17

-1.15

-0.68

x

x

-0.98

-0.88

-0.90

-0.82

-0.19

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

Cholesky SE
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x
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x
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x
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-1.15
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CG SE (GPyTorch)
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-2.07
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-1.83
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-1.82

-1.79
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Fast DSI (ours)
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Errors for the Borehole Function
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CG SE (GPyTorch)
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Errors Single-task vs Multitask for the Borehole Function
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Multitask GP Errors
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See the fast Multitask GP numerics summary
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Single-task vs Multitask GP Errors
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Quark-Gluon Plasma Surrogate Modeling
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pip install qmcpy: qmcsoftware.github.io/QMCSoftware/ [Sorokin et al.2026a]
‚ Quasi-Monte Carlo Python software
‚ Randomized LD sequences

‚ lattices (random shifts)
‚ digital nets (digital shifts, LMS, Owen scrambling (NUS), higher-order nets)
‚ Halton points (digital shifts, permutation scrambles, NUS)

‚ Automatic transforms (rewrite problem into f : r0,1sd Ñ R)
‚ Diverse use cases (financial options, parameterized PDEs, sensitivity indices, ...)
‚ Adaptive stopping criteria (choosing N to meet user-specified error tolerance ε)
‚ (Digitally)-shift-invariant kernels (of varying smoothness)

pip install fastgps: alegresor.github.io/fastgps/ [Sorokin et al.2025a,b, 2026b]
‚ Single-task and multitask fast GPs (and baseline standard GPs)
‚ Kernel hyperparameter optimization (MLL, CV, GCV)
‚ Fast Bayesian cubature (including for multitask GPs)
‚ Efficient batched GPs with GPU support

https://qmcsoftware.github.io/QMCSoftware/
https://alegresor.github.io/fastgps/
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Numerical Experiments: Single-Level Functions in d “ 32 Dimensions

Ridge functions Y pxq “ gpupxqq use upxq “
řd

j“1 cjΦ´1pxjq with weights

cj “ 2´j{

b

řd
j1“1 2´2j1 and Φ the normal CDF.

1. sumxex Y pxq “ ´d `
řd

j“1 xj exppxjq. Smooth and additive. Easy for QMC.
2. ridge PL sparse Y pxq “ gpupxqq with gpuq “ max pu ´ 1,0q ´ ϕp1q ` Φp´1q and ϕ

the density of N p0,1q. Continuous piecewise linear (PL) with a kink.
3. ridge JSU sparse Y pxq “ gpupxqq with gpuq “ ´η ` F ´1 pΦpvqq where F is the

CDF of a Johnson’s SU distribution Johnson1949]. Heavy tailed.

4. Genz corner-peak 2 Y pxq “

´

1 `
řd

j“1 cjxj

¯´pd`1q

with coefficients of the second
kind cj “ j´2{p4

řd
j1“1pj1q´2q. A Genz function Genz1993] with moderate

anisotropy and effective dimension.
Return to slide on Fast Bayesian cubature convergence
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Numerical Experiments: Multilevel Problems
Decay of the means µℓ and standard deviations

?
Vℓ

mean µℓ “ ErYℓpXqs “ ErQℓpXq ´ Qℓ´1pXqs with X „ Ur0,1sd

problem/ℓ 1 2 3 4 5 6 7 8
Asian option 6.3e0 -3.0e-1 -1.5e-1 -7.2e-2 -3.7e-2 -1.8e-2 -9.3e-3 -4.8e-3

Lookback option 1.3e1 1.4e0 8.9e-1 5.8e-1 4.1e-1 2.8e-1 1.8e-1 1.3e-1
elliptic PDE 1.6e-1 -1.1e-2 2.5e-3 1.5e-3

nonlinear Darcy PDE 4.1e-2 8.5e-4 3.3e-4

standard deviation
?

Vℓ “
a

VrYℓpXqs “
a

VrQℓpXq ´ Qℓ´1pXqs with X „ Ur0,1sd

problem/ℓ 1 2 3 4 5 6 7 8
Asian option 8.7e0 6.8e-1 3.5e-1 1.7e-1 8.4e-2 4.3e-2 2.1e-2 1.1e-2

Lookback option 1.3e1 2.1e0 1.4e0 9.0e-1 6.3e-1 4.2e-1 2.9e-1 2.0e-1
elliptic PDE 1.4e-1 6.2e-2 1.0e-2 3.5e-3

nonlinear Darcy PDE 7.8e-2 6.7e-3 1.9e-3
Return to slide on Fast Bayesian cubature convergence
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Fast Multitask GP Benchmark Configurations
Problem d L n P

Rosenbrock [Rumpfkeil and Beran2020, Wackers et al.2023] 2 3 tt215,214, . . . ,213uu

Ackley [Surjanovic and Bingham] 4 2 ˆL
ℓ“1t25,26, . . . ,215u

Borehole [Xiong et al.2013] 8 2 ˆL
ℓ“1t25,26, . . . ,215u

Elliptic PDE [Choi et al.2022] 16 3 ˆL
ℓ“1t25,27,29,211,213u

Cookies in oven PDE [Seelinger et al.2023] 8 4 ˆL
ℓ“1t25,27,29,211,213u

‚ Optimized negative marginal log likelihood (NMLL) loss for 100 iterations
‚ 5 independent trials for each n on CPUs of M3 MacBook Pro
‚ Digital sequences with DSI kernels of adaptive smoothness [Sorokin et al.2025a]
‚ QMCPy for low-discrepancy lattice and digital sequences

qmcsoftware.github.io/QMCSoftware/
‚ FastGPs for (fast) GPs and (fast) multitask GPs

alegresor.github.io/fastgps/
‚ GPyTorch Python package [Gardner et al.2018] for conjugate gradient (CG) GPs

gpytorch.ai
Return to slide on Fast Multitask GP errors

https://qmcsoftware.github.io/QMCSoftware/
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https://gpytorch.ai
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Fast Multitask GPs Storage and Costs for Σ´1, log|Σ|
‚ Assume evaluating fpℓ,xq costs Cℓ for any x P r0,1sd

‚ Assume evaluating Kppℓ,xq,pℓ1,x1qq costs Opdq

‚ Assume m1 ě ¨¨ ¨ ě mL i.e. fewer samples on higher levels (or reorder levels)

NMLL 9 pf
T

Σ´1
pf ` log|Σ| ` logp2πqN

‚ Evaluate f “ fpDq at cost O
´

řL
ℓ“1 Cℓ2mℓ

¯

‚ Evaluate pf “ Vf at cost O
´

řL
ℓ“1 mℓ2mℓ

¯

‚ Evaluate only first columns of Kℓℓ1 at total cost O
´

d
řL

ℓ“1pL ´ ℓ ` 1q2mℓ

¯

‚ Evaluate Σ at cost O
´

řL
ℓ“1pL ´ ℓ ` 1qmℓ2mℓ

¯

‚ Store Σ in O
´

řL
ℓ“1pL ´ ℓ ` 1q2mℓ

¯

(possibly complex) floats

‚ Evaluate Σ´1
pf and log|Σ| at cost O

ˆ

řL
ℓ1“1 2´mℓ1

”

řℓ1´1
ℓ“1 2mℓ

ı2
˙

Return to slide on Fast Multitask GPs Storage and Costs
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Algorithm 1 Inverse and Determinant of Σ
Require: Σ diagonal block matrix with m1 ě ¨¨ ¨ ě mL.

A Ð Σ´1
11 diagonal

ρ Ð |Σ11|
ℓ Ð 2
while ℓ ď L do

D Ð Σℓℓ diagonal
C Ð Σ1:ℓ´1,ℓ diagonal blocks
Sℓ Ð D ´ CA´1C diagonal Schur complement

A Ð

ˆ

A´1 ` A´1CS´1
ℓ CA´1 ´A´1CS´1

ℓ

´S´1
ℓ CA´1 S´1

ℓ

˙

ρ Ð ρ|Sℓ|
ℓ Ð ℓ ` 1

end while
return A “ Σ´1 and ρ “ |Σ|

Return to slide on Fast Multitask GPs Storage and Costs
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